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Introduction to the modules

The Ontario Curriculum, Grades 1– 8: Mathematics, issued in 1997, has redefined
the elementary school mathematics curriculum for Ontario. New expectations for
student learning require the teaching of new mathematical topics as well as a shift in emphasis

of content previously taught.  In particular, the new document reflects the growing need for students
to expand their skills in processing information, managing data, problem solving, and using technology
to achieve these ends. While there is a reduced attention to rehearsing rote skills, such as long division
with large divisors or extraction of roots by the formal method, there is a reaffirmation of the need for
students to master the multiplication tables and fundamental pencil-and-paper skills that underpin
arithmetic facility. Such skills are intended to support the intelligent use of technology in performing
complex computations of the type that arise in so-called “real-world” contexts.

Implicit in this document is the demand for new or revised methods of instruction and assessment.
Educational research of the past twenty years has mounted a compelling argument for a knowledge-
building approach to instruction (see page 9) that reduces the role of the teacher as purveyor of
information and enhances the teacher’s role as facilitator of learning. With this shift in instructional
methodology comes a corresponding demand for change in methods of assessment (see pp. 10 – 12).

The call for such changes in curriculum, instruction, and assessment has created a need for teachers of
grades seven and eight to plan new programs in mathematics from the plethora of print and electronic
resources currently available.   Since most of these teachers are responsible for many subject areas in
addition to mathematics, the consolidation of these materials into a set of coherent lessons is daunting.
To support teachers in this quest, the Ministry of Education and Training has commissioned a set of
five modules (of which this is one) that gather together many of the extant resources in a single
reference package. Each module addresses one of the five strands in the new curriculum.

Though they address different content strands, all modules have the same format. Part I outlines the
rationale underpinning the ideas and activities developed in the module. Part II provides a brief
instruction for teachers on the new content or approaches in that strand. Part III provides a set of four
sample activities for Grade 7. (Included in each activity is a 2-page template identified as Student
Pages. To avoid excessive photocopying, it is recommended that you make one class set of these
materials and laminate them. Then distribute to the students as needed, having them record responses
in their notebooks.) Together these four activities constitute an authentic task designed to consolidate
and extend earlier developmental activities. This unit is intended to model the instructional and
assessment philosophies discussed in Part I.  It is not intended to cover the entire content of the
strand, nor to replace any resources presently used, but rather to supplement the current
program.  Included in Part III under the heading “What You Might See” are samples of student work,
classified by achievement level, and presented opposite a rubric that will help you assess the work of
your students. Part IV parallels Part III, except it is keyed to the Grade 8 unit.  However, it is
recommended that all teachers familiarize themselves with the contents of both Parts III and IV.  Part
IV concludes with a selected list of appropriate print and media resources at the Grade 7–8 levels and
some useful Internet addresses to fulfill the intent that the module provide a single reference to help
teachers implement the new curriculum.



7

Dear colleague,

This letter is written as the final module, Number Sense and Numeration, is about to go
to press. It is my wish, as author, to share with you some final throughts as my work
with teachers and students in the field testing of these modules comes to an end.

During the course of this project, I have learned (or perhaps rediscovered) two principles
that have emerged from my observations of the work of teachers and students in Ontario.

• When a class is deeply involved in a mathematical investigation, the invisible
stimulus is almost inevitably a capable, enthusiastic, and caring teacher.

• When provided with sufficient support, most children not only enjoy being
challenged (see student comments on p. 56), but they often respond at levels
beyond what we might ever imagine.

This module, even more than the others, was developed with the latter principle foremost
in mind. It represents a significant departure in process and depth from what has been
traditionally expected of students at this level. While following the content guidelines,
the activities challenge students in grades seven and eight to reach greater depths in
their thinking, to explore openly, and to discuss their ideas. Although some routine
exercises are included, there is an attempt to move beyond the rehearsal of short
algorithmic applications to deeper and richer investigations that foster the development
of fundamental concepts.

The sample units in this module contain independent activities to enable you to use
them separately at various times throughout the school year. We suggest you apply
Fullan’s1 maxim, “Think big – start small,” and try only one or two of them in your first
year, expanding further as you become more comfortable with this approach.

You will find that some students will rise to the challenge and announce with joy their
newly-awakened interest in mathematics. Others may shrink away initially and attempt
to opt out. When difficulties arise, you will need to provide support with manipulative
materials and informal discussions of the ideas involved. Grouping for instruction using
formats such as Think-Pair-Share is an excellent way to offer peer group support for
those experiencing difficulties.

The work collected in the field testing of these modules attests to the remarkable
resourcefulness and insights of students in a stimulating learning environment. Creating
such a working environment for all students is a daunting task, and I humbly express
my admiration for those teachers who are successful in this quest.

Thank you for your effort and professionalism. The students you teach will acquire the
mathematical literacy they need to perform well in the 21st century and for that all
members of our society owe you a debt of gratitude.

Brendan Kelly

A Letter To The Teacher

1Fullan, Michael. Change Forces. London, U.K.: Falmer Press, 1993.
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The Rationale for Number Sense & Numeration

Number Sense

Mental Mathematics & Estimation

The rationale for the Number Sense and Numeration strand in the Ontario mathematics
curriculum is given on pages 10 and 11 of The Ontario Curriculum, Grades 1- 8: Mathematics.
This rationale clarifies what is intended under the heading “number sense:”

Students also need to develop “number sense.” Number sense includes:

• an appreciation of and ability to make quick order-of-magnitude
approximations with emphasis on quick and accurate estimates in
computation and measurement;

• the ability to detect arithmetic errors;

• knowledge of place value and the effects of arithmetic operations;

• a grasp of ideas about the role of numbers and about their multiple
  relationships;

• an appreciation of the need for numbers beyond whole numbers.

Part III of this module introduces Fermi problems (see p. 16 for a definition) as a vehicle for
developing number sense. Students are presented with sets of open-ended problems that
require organized estimation procedures involving order-of-magnitude approximations. In
particular, students are asked to estimate how many times their heart will beat in their lifetime
and to compare this with the capability of an artificial heart. Another activity in that sample
unit engages students in estimating the volume of the Spaceship Earth pavillion at the EPCOT
Center and deciding whether all the golf balls in the world today could be contained in that
geodesic dome.

The rationale for the Number Sense and Numeration strand also asserts:

By the end of Grade 6, students should have consolidated their understanding
of basic computational facts and be able to use computational strategies to
do mental mathematics … Techniques of mental mathematics should be
introduced along with concepts of place value and the use of pencil-and-
paper calculations.

In the sample unit presented in Part IV of this document, students are prompted to develop
“mental math” algorithms for calculating tips and sales tax. Different algorithms are compared
for efficiency and ease of execution. Another activity in that unit has students compare
fractional approximations to π used by various cultures through the ages. This is followed by
an activity that engages students in discussions aimed at resolving some classical fraction
paradoxes. These learning experiences are intended to address the requirement that
“Mathematics instruction should help students gain conceptual understanding as well as use
fractions and rational numbers effectively and accurately.”
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The policy on the use of technology, as embodied in The Ontario Curriculum, Grades 1- 8: Mathematics,
is stated on page 7 of that document:

Students are expected to use calculators or computers to perform operations that are
lengthier or more complex than those covered by the pencil-and-paper expectations. When
students use calculators and computers to perform operations, they are expected to apply
their mental computation and estimation skills in predicting and checking answers. Students
will also use calculators and computers in various experimental ways to explore number
patterns and to extend problem solving.

The Role of Technology in the Number Sense & Numeration Strand

More detailed statements pertaining to the Number Sense and Numeration strand are given on page 11.

Calculators

The ability to use calculators intelligently is an integral part of number sense. It should be
noted that the use of calculators does not do away with the necessity for students to master
the fundamental mathematical operations. Students should use calculators in their
schoolwork, just as adults use calculators for many purposes in the course of their daily
lives. More importantly, students must learn when it is appropriate to use a calculator and
when it is not. They must learn from experience with calculators when to estimate and when
to seek an exact answer, and how to estimate answers to verify the plausibility of calculator
results. Calculators allow teachers to engage students in meaningful mathematical
investigations, such as solving science problems with large numbers, before their skill with
pencil-and-paper computation is equal to the task. Proper calculator use stimulates the
growth of number sense in students.

Computers

The computer is an important tool used by mathematicians to perform a wide variety of
tasks; the ability to use computers effectively and appropriately is central to students’
development of mathematical competence.

An important use of computer software is to engage students in the exploration of concepts.
Computer programs should help students develop number sense and deal with large amounts
of data in an organized way. Spreadsheets should be used by all students to manage and
operate on long lists of numbers. Also, the computer can serve as an aid to students in
clarifying operations rules that will help them develop concepts used in early algebra.

The Grade 7 sample unit in Part III requires the judicious choice of pencil-and-paper or calculator
computation. Some order-of-magnitude problems can be done mentally by the manipulation of exponents
of numbers expressed in scientific notation. For other problems, such as the conversion of seconds to
years, the calculator is the more appropriate tool. In the Grade 8 sample unit in Part IV, mental computation
is encouraged for the calculation of sales tax and tips but the calculator is the preferred tool in the
comparison of various fractional approximants to π. In Activity 4 of that unit, students who have access
to a graphing calculator are encouraged to run the program PASCAL to display the first 64 rows of
Pascal’s triangle and to determine the percent of even numbers in that array.



10

First and foremost, you'll see students doing mathematics. But you'll see more than
just students completing worksheets. You'll see students interact with one another,
use other resources along with textbooks, apply mathematics to real-world problems,
and develop strategies to solve complex problems.

Teachers still teach. The teacher will pose problems, ask questions that build on
students' thinking, and encourage students to explore different solutions. The classroom
will have various mathematical and technological tools (such as calculators,
computers, and math manipulatives) available for students to use when appropriate.
The teacher may move among the students to understand their thinking and how it is
reflected in their work, often challenging them to engage in deeper mathematical
thinking.

Understanding the Learning Process & Its Impact on Instruction

I n this and the other four modules, we present activities that attempt to incorporate a
range of instructional approaches. The students are sometimes given
information and required to read, interpret, and apply it in an exercise. In other cases,

the students must investigate, explore, and discover concepts that lurk beneath the surface
of an activity. In some cases, the students work individually, while in others they work
collaboratively or cooperatively. For example, in Activity 1 of Part III of this module,
students collaborate in the creation of a problem bank consisting of CN Tower word
problems. The students use data about the CN Tower, its elevators, its Sky Pod, its stairs,
and its Space Deck to create word problems that a fellow student must solve. The word
problems are then edited by another student and the teacher who compiles them in a
class problem bank for future use on tests or quizzes. In several activities of this unit,
students are referred to Internet sites to obtain information and to verify calculations.
Activity 3 in Part IV involves students in mathematical dialogues about some classical
fraction paradoxes. Different interpretations and points of view are presented and defended
and fraction concepts are discussed first in small groups and then with the entire class. In
Activity 4 of that unit, students complete the first sixteen rows of Pascal’s triangle and
then conjecture about the percent of even numbers in Pascal’s triangle as the number of
rows is increased. By shading cells in a template showing the first 32 rows of Pascal’s
triangle (see template The Pascal Parity Game, page 92), students test their conjectures.
Those with access to graphing calculators can run the program PASCAL (see page 93)
to test their conjectures for larger numbers of rows of Pascal’s triangle.

In view of the multiple perspectives on how children learn, one might assume that all
traditional approaches to teaching will disappear as these philosophies are incorporated.
However a response to the question “What should I see in a [NCTM] Standards-based
mathematics classroom?” the NCTM 1997–98 Handbook presents a balanced and
accessible image of effective instruction:
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Assessment: Rubrics & Achievement Levels

At present, a new approach to assessment is evolving in many schools and classrooms. Instead
of assuming that the purpose of assessment is to rank students on a particular trait, the new
approach assumes that high public expectations can be set that every student can strive for
and achieve, that different performances can and will meet agreed-on expectations, and that
teachers can be fair and consistent judges of diverse student performances.

The Ontario Curriculum, Grades 1–8: Mathematics (see pp. 4–5) also embraces the move to criterion-
referenced assessment and includes four levels of achievement for describing student performance:

High achievement is the goal for all students, and teachers, students, and parents need to
work together to help students meet the expectations specified. The achievement levels are
brief descriptions of four possible levels of student achievement. These descriptions, which
are used along with more traditional indicators like letter grades and percentage marks,
are among a number of tools that teachers will use to assess students' learning. The
achievement levels for mathematics focus on four categories of skills: problem solving,
understanding of concepts, application of mathematical procedures, and communication of
required knowledge. When teachers use the achievement levels in reporting to parents and
speaking with students, they can discuss with them what is required for students to achieve
the expectations set for their grade.

The changes in curriculum and instruction described on the preceeding pages have significant
implications for assessment and evaluation. Among these implications is the shift from
norm-referenced to criterion-referenced assessment, as described on page 1 of The Assessment

Standards for School Mathematics published by the NCTM in 1995:

Descriptions of the four levels of achievement for problem solving, concepts, applications, and
communication are shown on page 9 of that document. These are the levels for concept understanding:

A table such as the one above that describes levels of achievement is called a rubric. Included with the
student activities, in this and the other modules, are rubrics and samples of student work that exemplify
the levels of student performance as defined in The Ontario Curriculum, Grades 1–8: Mathematics.

knowledge/skills

Understanding
of concepts

The student shows understanding of concepts:

– with assistance – independently – independently

– by giving partially – by giving appropriate – by giving both appro-
complete but but incomplete priate and complete
inappropriate explanations explanations
explanations

– using only a few of – using more than half – using most of the
the required concepts the required concepts required concepts

Level 1 Level 2 Level 3 Level 4

– independently

– by giving both
appropriate and
complete
explanations and
by showing that he
or she can apply
the concepts in a
variety of contexts

– using all of the
required concepts
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The release of the first module in this series, Data Management & Probability, was met
with widespread enthusiasm. It confirmed our belief that teachers need and want materials
to help them implement the new mathematics curriculum. Of particular interest to teachers
are the issues associated with assessment and evaluation. The shift in emphasis from rote
learning to higher-order processes, such as problem solving, drawing inferences, and
communicating mathematical conclusions, requires that methods of performance
assessment be added to the battery of devices that teachers use to assess mathematical
learning.  As observed in the NCTM publication Curriculum and Evaluation Standards
for School Mathematics: Addendum Series – A Core Curriculum (1992):

Questions eliciting open-ended responses require more holistic approaches for
scoring. Indirectly, they convey to students the need to communicate their ideas
clearly and to construct their responses for a purpose. The impact on the curriculum
of this type of assessment is to hold students accountable for demonstrating their
understanding of connected ideas rather than displaying their proficiency with
disconnected skills. (p. 11)

One of the most important devices for the holistic scoring of higher-order tasks is the
rubric. The rubric shown on page 10 is an example of what is called a “general rubric.” In
its publication Assessment Standards for School Mathematics (1995), the NCTM defines
a general rubric as “an outline for creating task-specific rubrics” (p. 90).  Furthermore it
defines a “task-specific rubric” as a rubric that “describes levels of performance for a
particular complex task and guides the scoring of that task consistent with relevant
performance standards.”  In this module we present, under the heading What You

Might See, samples of student responses to the activities.  Large samples of student
work collected during the field tests of these materials were used to create scoring guides.
These guides are task-specific rubrics. You will notice however that they evaluate the
“product”, i.e., the student work, while the general rubric shown on page 10 includes an
observational component of assessment (e.g., “with assistance,” “independently”). Since
there can be no observational component in the assessment of completed student work,
the scoring guides in this book do not use phrases such as “independently” or “with
assistance.” It is expected that teachers will use each scoring guide as a starting point
in the development of a task-specific rubric that will evolve as it is used with students.

As a reminder that students should be assessed on more than just the "written product,"
we have included on p. 89 a "process-oriented" scoring guide that may serve as a starting
point for creating your own rubric for an observation-based assessment of problem solving.
As noted in the other modules, it is important to recognize that the creation of rubrics is
highly subjective and is more an art than a science. It will probably take several drafts
before you develop a rubric that works for you. In the TIMSS Monograph #1: Curriculum
Frameworks for Mathematics and Science (1993), Robitaille et al. issue this caveat:

Measuring educational achievement is difficult from both a conceptual and a
practical perspective. What counts as “achievement” is not always easy to discern
and even when a concept of achievement has been clearly explicated, ways and
means for assessing it are not easily devised. The ongoing debate about educational
measurement and the increasing number of alternative assessment approaches
proposed in educational circles attest to this problem. (p. 36)
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The Changing Role of Algorithms in the Mathematics Curriculum

The algorithm has been the cornerstone of elementary school mathematics programs
ever since arithmetic was incorporated in the school curriculum. Named after Arab
mathematician Mohammed ibn-Musa al-Khowarizmi (see the Patterning & Algebra

module p. 40), an algorithm is merely a mathematical recipe for performing a particular
mathematical operation or function. The procedures for multiplying two numbers, extracting
a square root, or bisecting an angle with ruler and compasses are all examples of algorithms.
Similarly, the set of instructions in a computer program that generates a fractal, solves an
equation, or graphs a function is also an algorithm. Until recently, the main goal of elementary
mathematics was to help students master standard algorithms for adding, subtracting,
multiplying, and dividing whole numbers, decimals, and fractions. Mastery of these algorithms
by pencil-and-paper computation was an important numeracy and survival skill in the pre-
calculator era. Bank tellers, store keepers, and virtually all citizens required some facility with
these algorithms merely to function on a daily basis.

The emergence of the hand-held calculator and the personal computer in the late 1970s
challenged the central role of computational competence as the raison d’être of the elementary
school mathematics curriculum. Many educators asked why it was necessary for humans to
dedicate so much time to mastery of skills for which the new machines were so much better
adapted. At the same time, it was recognized that some skill in pencil-and-paper and mental
computation may be needed to judge whether the outputs of these machines were reasonable.
In the decades that followed, there has been a gradual shift in the role of computational
algorithms in the elementary school curriculum. The heavy emphasis on computational facility
with pencil and paper has been somewhat reduced in favour of a greater attention to estimation,
approximation, and order of magnitude judgements, collectively referred to as number sense.
These gradual shifts in emphasis have been captured in the table below, presented in Developing
Number Sense (p. 13) from the Addenda Series Grades 5–8: Curriculum and Evaluation
Standards for School Mathematics.

Increased Attention

 • Developing number sense

 • Developing operation sense

 • Creating algorithms and procedures

 • Using estimation both in solving problems and
in checking the reasonableness of results

 • Exploring relationships among representations of,
and operations on, whole numbers, fractions,
decimals, integers, and rational numbers

 • Developing an understanding of ratio, proportion,
and percent

The NCTM Curriculum and Evaluation Standards recommends a number of changes
in the middle grades mathematics curriculum…[The table] highlights the areas that
are to receive increased and decreased emphasis.

Decreased Attention

• Memorizing rules and algorithms

• Practicing tedious paper-and-pencil cornputations

• Finding exact forms of answers

• Memorizing procedures, such as cross-
multiplication, without understanding

• Practicing rounding numbers out of context

• Developing skills out of context

• Learning isolated topics
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Traditional Algorithms vs. Student-Created Algorithms

Most mathematics educators agree that students should learn the multiplication table involving
products up to 10 × 10 and should master some simple algorithms for performing arithmetic
operations. (In fact, the emergence of computer science and with it an increased emphasis on
what is termed finite mathematics has heightened the awareness of the importance of algorithms
in mathematics.) However, there is a shift in the rationale for teaching algorithms – away from
a focus on the skill and toward an understanding of the process.

Even common elementary school algorithms for arithmetic take on a new dimension
when viewed from the perspective of contemporary mathematics: rather than stressing
the mastery of specific algorithms–which are now carried out principally by calculators
or computers–school mathematics can instead emphasize more fundamental attributes
of algorithms (e.g., speed, efficiency, sensitivity) that are essential for intelligent use
of mathematics in the computer age. Learning to think algorithmically builds
contemporary mathematical literacy. (Steen, p. 7.)

With the reduced need to develop skill in the rapid execution of an arithmetic operation, the
requirement that students master the algorithm for addition is replaced by the expectation that
students will learn an algorithm for addition. Proficiency in its execution becomes less important
than an understanding of how and why it works. Hence, involving the student in the development
of algorithms to perform arithmetic operations is becoming the preferred approach.

©1999 by Sidney Harris   www.ScienceCartoonsPlus.com

We need to teach students how to develop their own algorithms and break away from
the traditional algorithm instruction. Students should identify their own steps and
ways for solving problems. Teaching algorithms [in this way] helps kids to organize
their thoughts and to see the importance of this organization. (Mingus et al., p. 40.)

The NCTM’s 1998 Yearbook, The Teaching and
Learning of Algorithms in School Mathematics, (see
reference under “Morrow” on p. 96 of this module),
presents a variety of perspectives on algorithms and
their place in the school mathematics curriculum.
Several articles in that anthology present student-
generated algorithms for whole number operations
(e.g., see articles by Carroll, Ron, McClain et al.,
Baek, and Whitin & Whitin). There are also several
articles that present student-generated algorithms for
fraction operations (e.g., see articles by Huinker,
Lappan, Sharp, and Brendefur & Pitingoro). In these
articles, you will find a rich treasury of ideas that
work in the classroom. The shift from the repetitive
drill of rote skills to exploration, discovery, and
communication of new algorithms is evident
throughout. Also evident is a renewed optimism about
the ability of students to conceptualize arithmetic
operations.

How Can Students Create Their Own Algorithms?
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Fermi Problems – The Ultimate Test of Number Sense

Enrico Fermi (1901–1954)
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n 1938, the Nobel Prize for Physics was awarded to Italian physicist
Enrico Fermi for his work on artificial radioactivity induced by
neutrons and its use in controlled chain reactions. A year later, Fermi

escaped from war-torn Europe to the United States where he applied his
discoveries to the development of the atomic bomb. A gifted teacher
and brilliant scientist, Fermi is also known to mathematics educators
by his legendary “order-of-magnitude” estimations known as Fermi
problems.

What is a Fermi Problem?

Throughout his career, Fermi had an uncanny ability to mentally estimate
quantities for which there seemed to be insufficient information. For
example, Fermi once mused, “How many piano tuners are there in
Chicago?” As is typical with most Fermi problems, the initial response

would seem to be, “I need more information before I can even conjecture an estimate.” However, the
essence of obtaining an appropriate estimate is to pose a series of subordinate questions whose combined
answers will yield an estimate that is the right order of magnitude (i.e., the closest power of 10).

How Do You Solve a Fermi Problem?

The following sequence of questions, answers, and estimates pertaining to the problem presented above
is one of many different routes to a plausible estimate.

I
CORBIS
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The table on page 16 shows a series of questions that can be used to obtain an order-of-magnitude
estimate of the number of piano tuners in Chicago. However, the answer is only as good as the assumptions
on which it is based. In a classroom setting, different groups of students will come up with different sets
of questions and therefore different estimates. When several approaches cluster around estimates of
similar magnitude (i.e., the same power of 10 when written in scientific notation), then we can be more
confident in the plausibility of the estimate. For example, if we have access to a Chicago telephone
book, we can count the number of listings under piano tuners in the yellow pages. If there were more
than 100 listings, this would suggest that our estimate might be a little low, since many listings may be
commercial operations with several tuners. If there were fewer than 20 listings, we might consider our
estimate too high.

In many of his estimates, Fermi specified a number (called an upper bound) that he regarded as definitely
larger than the true value of the quantity he was estimating and another number (called a lower bound)
that he regarded as definitely smaller than the true value. Since it is unlikely that the true number of
piano tuners in Chicago is more than 10 times the estimated number, 125, he might say that the number
of piano tuners in Chicago is definitely less than 1250. Similarly, since it is unlikely that the true
number of piano tuners is less than one tenth of the estimated number, he could certainly assert that the
true number is greater than 12.5.  If N denotes the true number of piano tuners in Chicago, we can write
these upper and lower bounds for N in mathematical notation as  1.25 × 10 < N < 1.25 × 103.  (The
scientific notation reinforces the idea that these are rough “order-of-magnitude” estimates. However,
since scientific notation is not included in the expectations until Grade 8, it is suggested that students in
Grade 7 use standard notation to represent their estimates.)

How Do You Know Whether Your Answer is Reasonable?

Why Are Fermi Problems Worth Doing?

Fermi problems generate the kind of involvement and thinking processes that are at the root of quantitative
literacy. Because important information is missing, students must ask themselves more questions about
what they need to know and what they already know. Then they must construct a path of estimates that
leads from the knowledge they have to the knowledge they need to acquire. The focus of this activity is
on the process rather than the answer – a process that mirrors the “number sense” we apply in everyday
life when we make “ballpark” estimates of our fuel consumption, our bank balances, or the time we’ll
need to mark a class test.

Students who acquire the number sense described above will be better able to check whether the answer
on their calculator display or computer printout is reasonable. When they hear that the Canadian federal
debt is $583 billion, they will not confuse this with $583 million or $583 trillion, recognizing that
millions, billions, and trillions are in the same ratio as 1, 1000, and 1 000 000. They will realize that the
odds of winning a lottery are roughly the same whether or not you buy a ticket. The development of
number sense using such techniques with this generation of students will go a long way toward eradicating
the problem that is currently referred to as innumeracy.
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Creating a Library of Fermi Problems

I magine having a library of excellent Fermi problems with appropriate sets of questions
and good order-of-magnitude estimates that you could use to check the validity of
student estimates. You could sprinkle the Fermi problems and their discussions

throughout the school year, injecting them into the program at various times to continue
honing students’ estimation skills and fostering the development of number sense. However,
good Fermi problems are not easy to develop because they have to be embedded in contexts
familiar to the student and must involve processes that are within the student’s grasp.
Fortunately, mathematics educators have collaborated to compile a library of such problems.
One such collection is accessible on the Internet at the web site:

http://forum.swarthmore.edu/workshops/sum96/interdisc/fermicollect.html

The list of Fermi problems given below includes some of the problems from that web site
plus others that are scattered throughout journals, books, and Internet sites.

Try some of these problems with your students. Develop for each problem a set of subsidiary
questions and, where possible, obtain close estimates from references to check how close
student answers approach the actual value. For example, the number of thirteen-year-olds in
Canada can be found on the Statistics Canada website at http://www.statcan.ca (see their web
page on page 15 of the Data Management module). Remember, however, that it is important
not to stress the closeness of the approximation as much as the process by which the estimate
is obtained. Both you and your students will enjoy the challenge!

• How many kernels of (unpopped) corn are there in a cubic metre of popped corn?

• How many thirteen-year-olds are there in Canada?

• How many gas stations are there in Ontario?

• How many shots on goal will all the goalies on all the NHL teams stop during a
regular season?

• How many revolutions will an average automobile tire make during its lifetime?

• How many kilometres of railroad tracks are there in Canada?

• How many jellybeans will fill a one-litre bottle?

• What is the total mass of all the students in your school?

• What is the total number of minutes that all the grade seven and eight students in
 Ontario spend on the telephone in a single year?

• How many water balloons would it take to fill the school gymnasium?
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Number Sense & Numeration: Grade 7

Overall Expectations

By the end of Grade 7, students will:

• compare, order, and represent decimals, integers, multiples, factors, and square roots;

• understand and explain operations with fractions using manipulatives;

• demonstrate an understanding of the order of operations with brackets;

• understand and explain that exponents represent repeated multiplication;

• use estimation to justify or assess the reasonableness of calculations;

• solve and explain multi-step problems involving simple fractions, decimals, and percents;

• explain, in writing, the process of problem solving using appropriate mathematical language;

• use a calculator to solve number questions that are beyond the proficiency expectations for
operations using pencil and paper.

Specific Expectations

(For convenient reference, the specific expectations are coded. For example, N 7-3 denotes the
third Number Sense and Numeration expectation in Grade 7.)

Students will:
Understanding Number

N 7-1 - compare and order decimals (e.g., on a number line);

N 7-2 - compare and order integers (e.g., on a number line);

N 7-3 - generate multiples and factors of given numbers;

N 7-4 -  explain numerical information in their own words and respond to numerical information
   in a variety of media;

N 7-5 - represent perfect squares and their square roots in a variety of ways (e.g., by using
blocks, grids);

THE ONTARIO CURRICULUM, GRADES 1- 8: MATHEMATICS



21

Computations

N 7-6 - perform three-step problem solving that involves whole numbers and decimals
related to real-life experiences, using calculators;

N 7-7 - understand that repeated multiplication can be represented as exponents (e.g.,
in the context of area and volume);

N 7-8 - justify the choice of method for calculations: estimation, mental computation,
concrete materials, pencil and paper, algorithms (rules for calculations), or
calculators;

N 7-9 - demonstrate an understanding of operations with fractions using manipulatives;

N 7-10 - add and subtract fractions with simple denominators using concrete materials,
drawings, and symbols;

N 7-11 - relate the repeated addition of fractions with simple denominators to the

multiplication of a fraction by a whole number

N 7-12 - demonstrate an understanding of the order of operations with brackets and
apply the order of operations in evaluating expressions that involve whole
numbers and decimals;

N 7-13 - represent the addition and subtraction of integers using concrete materials,
drawings, and symbols;

N 7-14 - add integers, with and without the use of manipulatives;

THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

e.g., 
1
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

 .

Applications

N 7-15 - ask “what if” questions; pose problems involving simple fractions, decimals,
and percents; and investigate solutions;

N 7-16 - explain the process used and any conclusions reached in problem solving and
investigations;

N 7-17 - reflect on learning experiences and describe their understanding using
appropriate mathematical language (e.g., in a math journal);

N 7-18 - solve problems involving fractions and decimals using the appropriate strategies
and calculation methods;

N 7-19 - solve problems that involve converting between fractions, decimals, and
percents.
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Activity 1 – Teacher Edition

Activity 1 – Student Page

So How Tall Is the CN Tower Really?

Expectations Addressed

Context

So How Tall is the CN Tower Really?

The four activities in this unit, unlike those in the other
modules, do not have a common theme. They are
designed as a series of four independent lessons that
can be used any time throughout the year. However,
they are all dedicated to a common purpose – the
development of number sense.

Activity 1 involves students in estimating the height of
the CN Tower relative to a typical student height. The
height of Sky Pod is calculated from a scale diagram of
the CN Tower. Using data pertaining to the dimensions,
mass, capacity, and elevators of this tallest free-standing
structure in the world, students create a bank of word
problems for solution by their classmates.

q  The diagram on the right (drawn to scale) shows
a tall person standing beside the CN Tower. Estimate
the number of people this height that would be
needed to make a tower the height of the CN Tower.

Use a ruler or tape marked in millimetres to estimate
how many times the CN Tower is taller than the
person in the diagram. Explain how you arrived at
your estimate.

The CN Tower is 553.33 m tall. Estimate how many
times the CN Tower is taller than you. Measure your
height in centimetres. With or without a calculator,
determine how many people your height, standing
on each other's heads, would stretch upward a
distance of 553.33 m.

r  The world’s highest revolving restaurant is located
in the Sky Pod (see diagram). Estimate the height of
this restaurant above the ground. Show how you
obtained your estimate.

The CN Tower–

Some Towering Numbers

The CN Tower was officially opened on
October 1, . Its original cost was

 dollars, but today it would cost
 dollars to build.  It took a total of

 construction workers over
approximately  days to complete
the task. Its total mass is  tonnes.
This is equivalent to the mass of about

 large elephants. The CN Tower
has an annual attendance of  .

s Help write this brief information article on the
CN Tower by filling in the missing numbers from
the list shown here.

a very tall person standing beside the CN Tower →

N 7-4 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 7-6 perform three-step problem solving that involves
whole numbers and decimals related to real-life
experiences, using calculators.

N 7-8 justify the choice of method for calculations:
estimation, mental computation, concrete materials,
pencil and paper, algorithms (rules for calculations),
or calculators.

N 7-15 ask “what if” questions; pose problems involving
simple fractions, decimals, and percents; and
investigate solutions.

N 7-16 explain the process used and any conclusions
reached in problem solving and investigations.

N 7-18 solve problems involving fractions and decimals
using the appropriate strategies and calculation
methods.

Activity 2 moves from traditional word problems toward
Fermi problems (see p. 16), by posing the questions,
How long would it take you to count to one billion?
and How many times will your heart beat in your lifetime? To address these problems,
students must make some general assumptions and then compute some approximations.
Students are also prompted to discover the relative sizes of one million and one billion.

In Activity 3, students calculate the height of a stack of loonies required to pay off the
Canadian debt. They also solve a variety of single and multi-step word problems involving
whole numbers, decimals, and fractions. Then in Activity 4, students tackle the Fermi
problem: Can Spaceship Earth (at EPCOT Center) hold all the world’s golf balls?

Numbers to
Use

1200
1537
1976

23 000
117 910

1 800 000
63 000 000

250 000 000

Sky
Pod →

© Taisa Dorney

M ost Canadians know that the CN Tower is the
world's tallest free-standing structure. It soars
over one-half a kilometre into the air, looking

down on the City of Toronto and the surrounding shores
of Lake Ontario. To understand just how tall this really is,
you can calculate how many times the CN Tower is taller
than you.
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The Lesson Launch    10 minutes

To launch this lesson, you might pose questions such as:

• What are some of the tallest structures in the world?
• What do you think is the tallest structure?

Encourage discussion about landmarks such as the
pyramid of Cheops (147 m), the Eiffel Tower (320 m),
the Empire State Building (443 m), and the Sears Tower
(520 m). Invite students who have visited the CN Tower
to describe this experience to the class. (The Internet
activity on page 25 will help students who have not
visited the CN Tower to explore its dimensions visually.)
Ask all students to conjecture how many people lying
on the ground, head to toe, and forming a human chain
it would take to stretch the length of the CN Tower.
Record estimates on the blackboard.

Activity 1 – Student Page

Initiating Activity 10 minutes

So How Tall is the CN Tower Really?

You may need your calculator and/or
information from Exercise s to help you
answer some parts of Exercise t.  Show
your work.

u Here are some interesting facts
about the CN Tower. Use these facts
to create three word problems. Write the problems in your notebook.
Trade word problems with a friend and see if you can solve your
friend's word problems. Choose one of you to edit the problems
and put them in the class problem bank.

More Interesting Facts About the CN Tower

• There are 6 main elevators to the Look-out level. These elevators
travel at a speed of 6 m/s, and take 58 s to reach the Look-out level
from the ground. Safety sensors slow the elevators to 1/4 speed
during high winds.

• The 6 elevators together can move 1600 passengers per hour.
• The CN Tower has the world's longest staircase, 2579 steps.
• On October 29, 1989, Brendan Keenoy set the world record for the

fastest climb of 1760 steps (from ground to Sky Pod, a distance of
342 m) in 7 minutes and 52 seconds.

• Annual attendance is 1.8 million people.
• The 360 Restaurant can seat 400 people and revolves once every

72 min.
• The Space Deck is 447 m above the ground and is the highest

observation deck in the world.

To check your answers to Exercises r and s, visit the
CN Tower web site at:

http://www.cntower.ca

Locate the CN Tower calculator by surfing through the
menus or by using the web site address:

http://www.cntower.ca/L1_calc.html

When you enter your height and mass, the calculator
will provide you with answers to Exercises q and t.

Group students in pairs and distribute a tape measure marked
in millimetres and a copy of page 24 to each pair. Ensure
that students are able to identify 1 mm on their tape measures.
Assign Exercise q to all pairs. Circulate around the class
checking that students are recording lengths of about 250
mm for the height of the CN Tower and about 1 mm for the
height of the tall person in the diagram. Estimates in Exercise
q should range between 300 and 400.

When most students have completed Exercise q, ask them
how they could determine the distance represented by one
millimetre in the picture of the CN Tower on page 24. After
it is clear that most students realize that a millimetre in the
diagram corresponds to about 2.1 m, invite students to share
their estimates in Exercise q with the class. Compare these
answers with the original estimates written on the blackboard.
Assign Exercise r.

When students have finished Exercise r, explain that the
original cost of the CN Tower was $63 000 000 and today it
would cost about four times that. Then assign Exercise s.

Prior to launching this lesson, tape a long tape measure
vertically up a wall so that students can measure their heights
in centimetres or millimetres during the activities.

Closure

t a) A class of 30 Grade 7 students at
Pearson Elementary School has a
total mass of about 1350 kg. The
CN Tower has a mass of about
118 000 t. How many Grade 7
students would have a combined
mass the same as the CN Tower?
b) What did it cost per tonne to
build the CN Tower?

Distribute copies of page 25 to all students. Have students
work independently on Exercise t for 5 minutes. Then group them in pairs to compare and discuss their answers. When
most pairs have finished, invite students to report their procedures and results to the class for discussion. Ask why it takes
only a few hundred people to stretch as high as the CN Tower, but millions to equal its mass. (Mass, like volume, is
proportional to the cube of the linear dimensions.) With students grouped in  the same pairs, assign Exercise u. Have each
student write three word problems on individual slips of paper for the partner to solve. When this task is completed, ask each
pair to discuss and edit the word problems to ensure that they make sense and can be solved.

When all groups have finished, collect the word problems for future use (after your appropriate editing) on class quizzes and
tests. Then take up the answers to Exercise r. Explain that words like “about” or “approximately” in Exercise s usually
denote rounded numbers. Invite the students to revise their answers to Exercise s if necessary before they check them on
the Internet. If you cannot get access to the Internet, have students present their answers and explain their reasoning.

Andrea Pistolesi/The Image Bank

Think-Pair-Share Activity 25 minutes

Internet

Exploration
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Activity 1 – Student Page

So How Tall Is the CN Tower Really?

r  The world’s highest revolving restaurant is located in the Sky Pod
(see diagram). Estimate the height of this restaurant above the ground.
Show how you obtained your estimate.

a very tall person standing beside the CN Tower →

Sky Pod →

q  The diagram on the right (drawn to scale) shows a tall person
standing beside the CN Tower. Estimate the number of people this
height that would be needed to make a tower the height of the CN
Tower.

Use a ruler or tape marked in millimetres to estimate how many
times the CN Tower is taller than the person in the diagram. Explain
how you arrived at your estimate.

The CN Tower is 553.33 m tall. Estimate how many times the CN
Tower is taller than you. Measure your height in centimetres. With
or without a calculator, determine how many people your height,
standing on each other’s heads, would stretch upward a distance of
553.33 m.

s Help write this brief information article on the CN Tower by filling
in the missing numbers from the list shown here.

The CN Tower – Some Towering Numbers

The CN Tower was officially opened on October 1,

. Its original cost was  dollars,

but today it would cost  dollars to build.  It took

a total of  construction workers over

approximately  days to complete the task. Its

total mass is  tonnes. This is equivalent to the

mass of about  large elephants. The CN Tower

has an annual attendance of about  people.

Numbers to
Use

1200
1537
1976

23 000
117 910

1 800 000
63 000 000

250 000 000

M ost Canadians know that the CN Tower is the world’s tallest free-standing
structure. It soars over one-half a kilometre into the air, looking down on
the City of Toronto and the surrounding shores of Lake Ontario. To

understand just how tall this really is, you can calculate how many times the CN Tower
is taller than you.

© Taisa Dorney



25

Activity 1 – Student Page

t a) A class of 30 Grade 7 students at Pearson
Elementary School has a total mass of about 1350
kg. The CN Tower has a mass of about 118 000 t.
How many Grade 7 students would have a
combined mass the same as the CN Tower?
b) What did it cost per tonne to build the CN
Tower?

You may need your calculator and/or information from
Exercise s to help you answer some parts of Exercise t.
Show your work.

To check your answers to Exercises r and s, visit the
CN Tower web site at:

http://www.cntower.ca

Locate the CN Tower calculator by surfing through the
menus or by using the web site address:

http://www.cntower.ca/L1_calc.html

When you enter your height and mass, the calculator
will provide you with answers to Exercises q and t.

u Here are some interesting facts about the CN Tower.
Use these facts to create three word problems. Write
the problems in your notebook. Trade word
problems with a friend and see if you can solve
your friend's word problems. Choose one of you to
edit the problems and put them in the class problem
bank.

More Interesting Facts About the CN Tower

• There are 6 main elevators to the Look-out level. These elevators
travel at a speed of 6 m/s, and take 58 s to reach the Look-out
level from the ground. Safety sensors slow the elevators to 1/4
speed during high winds.

• The 6 elevators together can move 1600 passengers per hour.
• The CN Tower has the world's longest staircase, 2579 steps.
• On October 29, 1989, Brendan Keenoy set the world record for

the fastest climb of 1760 steps (from ground to Sky Pod, a
distance of 342 m) in 7 minutes and 52 seconds.

• Annual attendance is 1.8 million people.
• The 360 Restaurant can seat 400 people and revolves once every

72 min.
• The Space Deck is 447 m above the ground and is the highest

observation deck in the world.

Andrea Pistolesi / The Image Bank

Internet

Exploration
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The CN Tower – Some Towering

Numbers

The CN Tower was officially opened on October 1,

. Its original cost was  dollars,

but today it would cost  dollars to build.

It took a total of  construction workers

over approximately  days to complete the

task. Its total mass is  tonnes. This is

equivalent to the mass of about  large

elephants. The CN Tower has an annual attendance of

 people.

Grade 7

Answer Key for Activity 1

q Estimates will vary. However, if the student
measures the heights of the tall person and the CN
Tower in the diagram, they should obtain lengths of
about 1 mm and 252 mm. This would yield an
estimate of about 250 people. Actually a person of
height 2 m is a very tall person and the CN Tower is
553 m, so it would take about 276 people of that
height to form a tower as high. Reasonable estimates
may vary between 200 and 500 depending upon
whether the people forming the tower are assumed
to stand on each others’ heads or shoulders. At this
point the process of organized thinking to reach an
estimate is more important than the actual number
obtained.

Most students at this age are somewhere between
1.4 m and 1.8 m in height, so you might expect
answers somewhere between 300 and 400 people.

r In the diagram, Sky Pod is about 160 mm above the
ground and the CN Tower is about 252 mm, so Sky
Pod is 160/252 of the height of the CN Tower.
Therefore Sky Pod is about 0.63 × 553 or about
350 m above the ground. (The actual height is
351 m, so the estimate is more accurate than we
have a right to expect.)

s  The completed article is given below.

Teacher Note:

The problems that students generate in Exercise u
will often show insight and creativity. After they have
been submitted and edited by students, check them
over to ensure that they are appropriate and store
them in a class problem bank with the creator’s name
opposite the problem. Recycle these problems on
unit tests so that students have the opportunity to
see their own problems as part of the evaluation.
This engenders in the students a greater feeling of
control over their program and a deeper sense of
involvement.

When taking up the answers to the unit test, discuss
some of the student-generated problems. Give credit
to the students whose problems have been used. For
example, “This is Jamie’s problem. Did you find it
tricky?” It is particularly gratifying for a low
achieving student to have his or her problem used
on a test and discussed by classmates.

t a)  The mean mass is 1350 ÷ 30 = 45 kg. The mass
of the CN Tower is about 118 000 t or about
118 000 000 kg. Therefore the number of
students would be about

118 000 000 ÷ 45 ≈ 2 620 000.

b)  It cost $63 000 000 to build the CN Tower and
its mass is 117 910 t. The cost per ton was:
$63 000 000 ÷ 117910 or about $534 per tonne.

1976 63 000 000

250 000 000

1537

1200

120 000

23 000

1 800 000
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The scoring guide presented below has been developed using student responses on a field test conducted in
1998. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Achievement Levels Defined by the Ministry of Education and Training

Level 1 Identifies achievement that falls much below the provincial standard.

Level 2 Identifies achievement that approaches the standard.

Level 3 The “provincial standard,” identifies a high level of achievement of provincial
expectations. Parents of students achieving at Level 3 in a particular grade can
be confident that their children will be prepared for work at the next grade.

Level 4 Identifies achievement that surpasses the standard.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Problem Solving: Use of Computation to Make Order of Magnitude Approximations

Level 1

Level 4

This student decided that a tall person is 6' 8", and then
multiplied the height of the CN Tower, 553.33 m, by 6.8
to determine how many people this height would equal
the height of the CN Tower. The selection of the incorrect
operation and the confusion of metric and Imperial units
suggest that the student has a limited number sense.
Similar mistakes are repeated in the other exercises on
page 24. All estimates are expressed to several decimal
places, suggesting that the student does not understand
the significance of order of magnitude approximations.

The student responses presented here show that this
student has a well-developed number sense. She began
with a rough estimate of 230 tall people to form a tower
as high as the CN Tower. Then she performed the
appropriate measurements, applied the correct operation
and obtained 250. Recognizing that this was close to her
original answer, she accepted 250 as reasonable.

In calculating the height of the CN Tower as a multiple of
her height, she divided 553.33 by 1.57 to obtain 352.43
and then rounded down to obtain the estimate 352.

In Exercise r, the student calculated the scale factor
correctly and applied it to her measurement of the height
of Sky Pod (16 cm) to obtain the height 35413.12 cm,
that she converted to metres and rounded appropriately
to 354 m. (The actual height of Sky Pod is 351 m, so her
approximation is even closer than we would normally
expect from measurements of a diagram with such a large
scale factor.)

In Exercise s, the student shows exemplary sophistication
in her ability to determine which magnitudes are most
realistic for the costs, number of construction workers,
and annual attendance. If we could raise most students to
this level of number sense, we would be close to the
eradication of the innumeracy that pervades our society.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Problem Posing: Posing Problems Involving Whole Numbers & Decimals

Exercise u on page 25 presents the facts shown here
and invites students to use these facts to create word
problems for other students. A wide variety of word
problems were gathered in the field tests. Some were
improperly posed while others were very cleverly
crafted. Most were two-step and three-step problems.
Here is a sample of what we received.

More Interesting Facts About the CN Tower

• There are 6 main elevators to the Look Out level. These elevators
travel at a speed of 6 m/s, and take 58 s to reach the Look Out
level from the ground. Safety sensors slow the elevators to 1/4
speed during high winds.

• The 6 elevators together can move 1600 passengers per hour.
• The CN Tower has 2579 steps and this is the world's longest

staircase.
• On October 29, 1989, Brendan Keenoy set the world record for

the fastest climb of 1760 steps (from ground to Sky Pod, a
distance of 342 m) in 7 minutes and 52 seconds.

• Annual attendance 1.8 million people
• The 360 Restaurant serves 400 people and revolves once every

72 min.
• The Space Deck, is 447 m above the ground and is the highest

observation deck in the world.

Whoops!

Hmmm…
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Activity 2 – Teacher Edition

Expectations Addressed

Context

This activity is dedicated to helping students understand
the relative sizes of a million and a billion. As Paulos
(see p. 96) has noted, many people regard millions and
billions as huge numbers that are beyond normal
comprehension and consequently make statements such
as, “The Canadian debt is 583 million dollars…or is it
583 billion dollars? I can’t remember, but it’s huge.”
To help students understand the relative magnitudes of
millions and billions, it helps to use analogies such as:

A million hours ago was late in the 19th century, but
a billion hours ago was over 100 000 years ago – a
pre-historic time when the human population was
small and sparse.

If a marble were magnified so that its diameter were
one million times as large, it would be a sphere with
a diameter of about 13 km. If the marble were
magnified so that its diameter were one billion times
as large, it would be a sphere the size of the Earth.

Activity 2 – Student Page

How Long Would it Take You to Count to One Billion?

How Long Would it Take You to Count to One Billion?

Suppose you counted to one billion, starting at one and
announcing each number in order until you reached one
billion. Imagine that you were able to do this without

stopping to eat, drink, or sleep. Estimate how many years it would
take you to reach one billion. Describe what strategies you used
to make your estimate.

"… Many educated people have little grasp for [large] numbers and are
even unaware that a million is 1 000 000; a billion is 1 000 000 000;
and a trillion, 1 000 000 000 000."

Innumeracy

John Allen Paulos

Use your calculator to help you estimate
the time it would take you to count to
one billion.

…two hundred seventy-eight

million, nine hundred forty-three

thousand, five hundred sixty-three,

…two hundred seventy-eight

million, nine hundred forty-three

thousand, five hundred sixty-four…

N 7-2 compare and order integers (e.g., on a number line).

N 7-4 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 7-6 perform three-step problem solving that involves
whole numbers and decimals related to real-life
experiences, using calculators.

N 7-16 explain the process used and any conclusions
reached in problem solving and investigations.

To estimate how long it would take to count to one
billion, students need to estimate how long it would
take to say each number. The easiest way is to assume one number per second and adjust the answer
later by simply multiplying by the appropriate factor. Page 32 asks the students to use their calculators
to convert one billion seconds to minutes, hours, days, and ultimately to 31.7 years. ( A review of the
relationships among the units of time is recommended in the Launch of this lesson, described on p. 31.)
Then they can adjust their estimates according to the number of seconds they assume it would take to
count each number.  Without further guidance, page 33 is given to the students who will work on Exercises
q and r to take them step-by-step through the conversion process.

Exercises s and t have students attempt to represent a million and a billion on the same number line
so that they realize how miniscule a million is compared to a billion. Finally, in Exercise u, students
estimate the number of times their hearts will beat in their lifetimes and compare the longevities of their
hearts with the longevity of an artificial heart.
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The Lesson Launch    5 minutes

To launch the lesson, ask students questions such as, “What
is larger, a million or a billion?” and “How many millions
does it take to make a billion?” Then review some
fundamental relationships between time units by asking:

• How many seconds in a minute?
• How many minutes in an hour?
• About how many hours in a day?
• About how many days in a year?

Group students in pairs so that no pair has two weak students.
Then ensure that each pair has at least one calculator and
distribute page 32. Ask students to use their calculators to
estimate how long it would take them to count to one billion.

Closure

Activity 2 – Student Page

How Long Would it Take You to Count to One Billion?

r Assuming you could count one number every second,write your answers
to the following questions in the spaces provided. Show your work on
the side.

q Draw a diagram or display calculations to show how you would calculate
the number of seconds in an hour; in a year. Display your answers.

You may use your calculator to help you answer these exercises.

The time it would take to count from 1 to 1 billion would be
approximately:

a)  _____________  seconds.
b)  _____________  minutes.
c)  _____________  hours.
d)  _____________  days.
e)  _____________   years.

Do you think you could count one number every second? Explain why
or why not. If not, how long do you think it would take? Use this new
estimate to estimate the approximate number of years it would take to
count to one billion if you did not need to stop for food or sleep.

s a)  What is one million as a fraction of one billion?
b)  What is one million as a percent of one billion?

t Numbers from 1 to 1 billion can be represented on a number line like
the one shown here. Draw a number line like this and place the numbers
250 000 000 and 500 000 000 on it.

750 000 000 1 000 000 0000

Show the locations of these numbers on your number line.

a)   100 000 000 b)   10 000 000 c)  1 000 000

Describe any difficulty you have locating any of the numbers on your
number line.

u Eventually, an artificial heart may be developed that is capable of beating
up to one billion times. Estimate how many times
your own heart will beat in your lifetime.

15 minutes

Circulate around the class to assist pairs of students who are
experiencing difficulty obtaining estimates. Distribute page
33 to the students who need help and suggest that they work
through Exercises q and r. Distribute page 33 to the other
pairs of students after they have completed their estimates.
Have them work through Exercise r to check the estimate
they made when working on page 32.

When students have obtained reasonable estimates of the time
it would take to count to one billion (anything from 31.7
years to about 10 times that much), ask them to work
individually on Exercises s, t, and u and to record their
work in their notebooks. The intent here is to ensure
individual involvement by having each student attempt to
locate one million on a number line up to one billion and, in
so doing, develop a sense of the relative magnitudes of
millions and billions. Also, each student will have an
individual assumption regarding their own longevity and will
obtain a unique estimate of the number of times their heart
will beat in their lifetime. As students draw their number
lines, circulate around the class and discuss with them why
it is difficult to locate one million on this number line.

10 minutesIndividual Activity

For many or all of your students, this may be their first exposure to Fermi problems. If so, some will be uncomfortable
with the rough approximations involved in assuming an average number of heartbeats per second, in assuming a
particular lifespan, or in assuming that every year has 365 days. In their calculator computations, they will tend to
carry all the decimal digits shown on the display and may regard rounded answers as inaccurate. It is important at
this point to discuss the problem on page 32 and explain that most calculations in real-world problems involve
such estimates and that such problems require “order-of-magnitude” answers. That is, we want to know roughly
how an artificial heart with a lifetime of one billion beats compares with a human heart. Is its longevity ten times
as great as the human heart or only a fraction? Such questions can only be answered by the Fermi-type assumptions
and approximations used in this activity. Invite students to suggest other Fermi problems. For each problem,
discuss the information that would be needed and the kinds of assumptions that may be required.

Make reasonable assumptions about:
•  the average number of times your heart
   beats in a minute.
•  the number of years you expect to live.

Do you think your heart has a longer lifetime
than such an artificial heart?
Explain why or why not.

HINT

Paired Activity
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Activity 2 – Student Page

How Long Would it Take You to Count to One Billion?

Use your calculator to help you estimate the time
it would take you to count to one billion.

…two hundred seventy-eight million,

nine hundred forty-three thousand, five

hundred sixty-three,

…two hundred seventy-eight million,

nine hundred forty-three thousand, five

hundred sixty-four…

Suppose you counted to one billion, starting at one and
announcing each number in order until you reached one billion.
Imagine that you were able to do this without stopping to eat,

drink, or sleep. Estimate how many years it would take you to reach
one billion. Describe what strategies you used to make your estimate.

“… Many educated people have little grasp for [large] numbers
and are even unaware that a million is 1 000 000; a billion is
1 000 000 000; and a trillion, 1 000 000 000 000.”

Innumeracy
John Allen Paulos
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Activity 2 – Student Page

r   Assuming you could count one number every second,write your answers to the
following questions in the spaces provided. Show your work on the side.

t   Numbers from 1 to 1 billion can be represented on a number line like the one shown here.
Draw a number line like this and place the numbers 250 000 000 and 500 000 000 on it.

u Eventually, an artificial heart may be developed that is capable of beating
up to one billion times. Estimate how many times your own heart will
beat in your lifetime.

Do you think your heart has a longer lifetime than such an artificial heart?
Explain why or why not.

 Show the locations of these numbers on your number line.

a)   100 000 000 b)   10 000 000 c)  1 000 000

Describe any difficulty you have locating any of the numbers on your number line.

0 750 000 000 1 000 000 000

The time it would take to count from 1 to 1 billion would be approximately:

a)  _____________  seconds.

b)  _____________  minutes.

c)  _____________  hours.

d)  _____________  days.

e)  _____________   years.

Do you think you could count one number every second? Explain why or why not.
If not, how long do you think it would take? Use this new estimate to estimate the
approximate number of years it would take to count to one billion if you did not
need to stop for food or sleep.

q Draw a diagram or display calculations to show how you would calculate the number
of seconds in an hour; in a year. Display your answers.

s    a)  What is one million as a fraction of one billion?
b)  What is one million as a percent of one billion?

You may use your calculator to help you answer these exercises.

Make reasonable assumptions about:
•  the average number of times your heart beats in a minute.
• the number of years you expect to live.

HINT
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Grade 7

Answer Key for Activity 2

q There are various ways this can be done. Since
most children are more comfortable with the
concept of multiplication, a natural process for
converting years to seconds is the following.

1 year × 365 = 365 days
= 365 × 24 hours
= 365 × 24 × 60 minutes
= 365 × 24 × 60 × 60 seconds
= 31 536 000 s

r The time it would take to count from 1 to 1 billion

would be approximately:

a)  1 000 000 000  seconds.

b)  1 000 000 000 ÷ 60  ≈ 1 6 666 666.67 minutes.

c)  16 666 666.67 ÷ 60 ≈ 277 777.78  hours.

d)  277 777.78  ÷ 24 ≈ 11 574.07 days.

e)  11 574.07 ÷ 365 ≈ 31.7098 years.

Most students will realize that they could not count a
number every second – especially as the numbers get
large. If they estimate 3 seconds to count each number,
then they need only multiply the number of years by 3,
i.e., 3 × 31.7098 ≈ 95.1293 years, rather than
recalculating the number of years in 3 billion seconds.

s a) one million is one thousandth of one billion.
b) one million is 0.1% of one billion.

t The number line is shown below with 250 000 000
and 500 000 000 marked on it.

0 750 000 000 1 000 000 000250 000 000   500 000 000

When the students attempt to represent the number 1 000 000 on the
number line, they will discover that one million, as large as it sounds,
is miniscule compared to a billion, and therefore is too close to 0 to
be shown on the number line.

100 000 000↑
10 000 000

u Fermi problems are order-of-magnitude
calculations based on a set of assumptions that are
taken to be “approximately” true. The assumptions
students must make in this problem involve an
estimate of personal lifespan and average heart rate
throughout life. Often students will assume a
lifespan of about 75 years and a heart rate of one
beat per second. With these assumptions, the heart
will beat about 75 × 31 536 000 or 2.36 × 109 times.
To adjust this estimate to other assumptions such
as an average heart rate of 72 beats per minute,
merely multiply this estimate by 72/60 or 1.2.

Since any pair of reasonable assumptions about
heart rate or lifespan will yield between 2 and 3
billion beats in a lifetime, it is expected that students
will conclude that their hearts will have a longer
lifespan than such an artificial heart.
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The scoring guide presented below has been developed using student responses on a field test conducted in
1999. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.
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Level 3

Level 4

The numbers 100 000 000 and 100 000 are placed in the wrong
order on the number line and distances of the numbers from 0 are
not proportional to their sizes. There is no evidence of understanding.

What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Understanding of Concepts: Comparing & Ordering Integers on a Number Line

Level 1

Level 2

All the numbers, are placed in the
correct order on the number line.
Distances of the numbers from 0
are proportional to their sizes. The
student's comment suggests that
she understands that 1 000 000 is
too close to 0 be distinguished
from it on the number line.

The student has written the correct fraction 1/1000, and then attempted
to simplify it by doubling the numerator and halving the denominator.
This caused the percentage also to be incorrect.

All the elements
identified in the scoring
guide on page 35 are
here.  There is strong
evidence that this
student understands the
relative magnitudes of
one million and one
billion.

All the numbers except
100 000 000 are placed in
the correct order on the
number line. Distances of
the numbers from 0 are
proportional to their sizes.
There is no evidence that the
student understands that
1 000 000 is too close to 0
to be distinguished from it
on the number line.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 3

Problem Solving: Solution of Multi-step Problems Involving Estimates

Level 4

The student has correctly computed that
it would take 158.54 years to count to
1 000 000 000 if it took 5 s per number.
The student then correctly rounded this
up to 159 years. The assumption of 5 s
per number was explained and the
process for calculating the estimate was
given but detailed calculations were not
shown.

← The student has correctly calculated that it
would take 63.42 years to count to one billion
if it took 2 seconds per number.

Although the student has not stated his
assumptions, his estimate corresponds to
the assumption that his heart beats about
80 times per minute and that his lifespan
is 70 years. The student does not use this
estimate to compare the estimated
longevity of his heart with that of an
artificial heart.

← The student has explained the assumptions
used in the calculation and given a detailed
description of the computations involved.

← The student provides a rationale for the
assumption that she could count a number
every two seconds.

← The student has indicated her assumptions that
her heart will beat an average of 75 times per
minute and that she will live about 80 years.
She has performed the computations correctly
and she has also compared this estimate with
the one billion beats of an artificial heart and
concluded that her heart will probably have
the greater longevity.
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Activity 3 – Teacher Edition

How High is the Canadian Debt?

Expectations Addressed

Context

Activity 3 – Student Page

This activity presents two- and three-step word
problems involving large numbers. These problems are
embedded in an analysis of the Canadian federal debt
– its meaning, its magnitude, and its growth. In the
lesson launch, students discuss the meaning and origin
of government debt. In the initiating activity, they read,
interpret, and discuss a graph showing the growth of
the federal debt from 1940 to the present and  conjecture
how high a stack of loonies would be needed to repay
the debt. In Exercises q and r of this activity, students
test their conjectures by actually performing the
calculations.

 The height of this stack is then compared to the height
of the CN Tower and the distance from the earth to the
moon. These calculations provide students with an
opportunity to convert from millimetres to metres and
to kilometres and, in so doing, conceptualize the relative
sizes of millions and billions.

Exercise s presents two-step word problems in which students determine the value of a 50-km chain of
loonies placed edge-to-edge, and the length of a chain of one million loonies. The transition from two-step to
three-step problems is made in Exercise t in which students combine the concepts of rates, percents, and
conversions among time units to solve problems associated with the production of coins. The concept of rate
is further extended in Exercise u with the computation of per capita debt. Before launching this activity, it
is recommended that you review with students the conversion of fractions and decimals to percents. It is also
important to review the factors involved in converting among millimetres, metres, and kilometres.

How High is the Canadian Debt?

"a million dollars, a billion, a trillion, whatever. It doesn't mat-
ter as long as we do something about the problem."

Innumeracy
John Allen Paulos

On February 24, 1998, the
Canadian Minister of Finance
announced that the national

debt will remain at $583.2 billion until
the year 2000. That's a lot of loonies!

To understand the magnitude of this
debt, try to imagine a vertical stack of
583.2 billion loonies. How high would
the stack be? Would it be taller than the
CN tower with a height of 553 m? Would
it reach as high as an airplane flying at
10 000 m? Or would it reach to the moon
– a distance of about 400 000 km?

↑
Debt

in
Billions

of
Dollars

Use your calculator to help you estimate the height of a stack of 583.2
billion loonies.

Year
1940 1960 1980 2000

600

500

400

300

200

100

   0

The National Debt from 1940 to 2000

N 7-4 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 7-6 perform three-step problem solving that involves
whole numbers and decimals related to real-life
experiences, using calculators.

N 7-15 ask “what if” questions; pose problems involving
simple fractions, decimals, and percents; and
investigate solutions.

N 7-16 explain the process used and any conclusions
reached in problem solving and investigations.

N 7-18 solve problems involving fractions and decimals
using the appropriate strategies and calculation
methods.

N 7-19 solve problems that involve converting between
fractions, decimals, and percents.

Pat LaCroix / The Image Bank



39

The Lesson Launch    5 minutes

Activity 3 – Student Page

30 minutesIndividual Activity

Closure

How High is the Canadian Debt?

r About how many times would a stack of 583.2 billion loonies stretch
from the Earth to the moon and back? Show how you obtained your
answer.

t All Canadian coins are manufactured by the Royal Canadian Mint
at its high-speed production plant in Winnipeg. It can produce 100
coins per second. Use this information to answer these questions.
Show your work.
a) At the rate of 100 loonies per second, about how long would it

take to produce enough loonies to pay off the Canadian debt?
b) What percent of the debt could be paid off by the number of

loonies produced if the machines ran 24 hours per day, every day
for a year?

c)  In 1997, the Royal Canadian Mint produced 16 942 000 twonies.
Assuming that all the machines were producing twonies at full
capacity, how long would it take to produce these coins?

q   The thickness of a Canadian loonie is 1.95 mm.
a) What is the approximate height of the CN Tower in millimetres?
b) About how many loonies in a stack the height of the CN Tower?
c) What would be the height of a stack of 583.2 billion loonies in

millimetres? in metres? in kilometres?
d) Compare your answer in Part c) with your original estimate.

Explain how you obtained your estimate and indicate whether it
was close to the actual height.

u The per capita debt of Canadians is the amount that each Canadian
would owe if the entire national debt were shared equally by all
Canadians. What is Canada's per capita debt, if the current population
of Canada is about 30 million people?

You may use your calculator to help you complete these exercises.

s Organizers of The Million Dollar Marathon for disease research
stretched 50 km of tape along the route. Contributors were invited
to stick loonies on the tape. Use the fact that the diameter of a loonie
is 26.50 mm to answer these questions. Use diagrams or words to
explain how you obtain your answers.

a) What is the maximum number of loonies that could
be stuck on the tape if the loonies were placed edge-
to-edge?

b) What fraction of the tape would be covered with
loonies by the end of the marathon if the total
contributions reached $1 000 000?

Visit the Royal Canadian Mint web site at:
http://www.rcmint.ca/en/

Find the number of coins of each denomination
produced in a recent year. Make up a math
problem from this information and invite a friend
to solve your problem. Make sure you provide
enough information.

←      26.5 mm   →

10 minutesInitiating Activity

Distribute page 40 to the students and have a student read
the newsclip. Ask students to estimate how high they think
a stack of 583 billion loonies might be relative to the CN
Tower. Record their estimates on the blackboard for later
comparison.

Ask students to study the graph. Then pose these questions
orally to the class.

• About what year did the debt first rise above 100 billion
dollars?

• What was the debt in 1990?
• When was the debt about half as much as it is now?
• About how many times greater is the debt now than it

was in 1980?

Display a transparency of this graph on the overhead
projector and have students come to the overhead and point
to the graph on the transparency as they justify their answers.

Begin this lesson with a discussion of government debt.
“What does it mean to say that the government debt is a
billion dollars?” Explain the government’s source of
revenue (taxes) and the nature of its expenditures (e.g.,
military, social programs, health care, and foreign aid).
Explain also that the annual deficit is the difference between
the revenues and expenditures when the government spends
more than it collects. Students should understand that the
debt is the accumulated value of all the deficits of the past
and that it needs to be repaid eventually.

Distribute page 41. Assign Exercises q, r, and s to all
students to complete individually. Circulate to help students
who are having difficulty. While most students are finishing
these exercises, invite students who have correctly
completed them to write their detailed solutions, showing
all steps, on an overhead transparency. When all students
have finished, have the students with completed
transparencies display their solutions and explain them step-
by-step. Compare the calculated height of the debt-high
stack of loonies with the conjectures written on the
blackboard and ask students if they think the debt should
be repaid in loonies. Then assign Exercises t and u for
students to complete in their notebooks. Circulate to help
students who have difficulty understanding the questions
or with the concepts of rate and percent.

Assign any uncompleted exercises as homework. Those who have completed all the exercises should be encouraged to visit
the Royal Canadian Mint web site to collect data and create word problems. These problems should be collected in the next
class, edited, and then placed in the class problem bank as described in the “Closure” on page 23.

Pat LaCroix / The Image Bank

Internet

Exploration
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Activity 3 – Student Page

How High Is the Canadian Debt?

On February 24, 1998, the
Canadian Minister of Finance
announced that the national debt

will remain at $583.2 billion until the year
2000. That's a lot of loonies!

To understand the magnitude of this debt,
try to imagine a vertical stack of 583.2
billion loonies. How high would the stack
be? Would it be taller than the CN tower
with a height of 553 m? Would it reach as
high as an airplane flying at 10 000 m?
Or would it reach to the moon – a distance
of about 400 000 km?

“a million dollars, a billion, a trillion, whatever. It doesn't
matter as long as we do something about the problem.”

Innumeracy
John Allen Paulos

Use your calculator to help you estimate the height of a stack of
583.2 billion loonies.

Year
1940 1960 1980 2000

600

500

400

300

200

100

   0

The National Debt from 1940 to 2000

↑
Debt

in
Billions

of
Dollars

Pat LaCroix / The Image Bank
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Activity 3 – Student Page

r   About how many times would a stack of 583.2 billion loonies stretch from the
Earth to the moon and back? Show how you obtained your answer.

t All Canadian coins are manufactured by the Royal Canadian Mint at its high-
speed production plant in Winnipeg. It can produce 100 coins per second. Use
this information to answer these questions. Show your work.

a)  At the rate of 100 loonies per second, about how long would it take to
produce enough loonies to pay off the Canadian debt?
b)  What percent of the debt could be paid off by the number of loonies produced
if the machines ran 24 hours per day, every day for a year?
c)  In 1997, the Royal Canadian Mint produced 16 942 000 twonies. Assuming
that all the machines were producing twonies at full capacity, how long would
it take to produce these coins?

q    The thickness of a Canadian loonie is 1.95 mm.
a) What is the approximate height of the CN Tower in millimetres?
b) About how many loonies would there be in a stack the height of the CN Tower?
c) What would be the height of a stack of 583.2 billion loonies in

millimetres? in metres? in kilometres?
d) Compare your answer in Part c) with your original estimate. Explain how

you obtained your estimate and indicate whether it was close to the actual
height.

u The per capita debt of Canadians is the amount that each Canadian would owe
if the entire national debt were shared equally by all Canadians. What is Canada's
per capita debt, if the current population of Canada is about 30 million people?

You may use your calculator to help you complete these exercises.

s Organizers of The Million Dollar Marathon for disease research stretched 50
km of tape along the route. Contributors were invited to stick loonies on the
tape. Use the fact that the diameter of a loonie is 26.50 mm to answer these
questions. Use diagrams or words to explain how you obtain your answers.

a) What is the maximum number of loonies that could be stuck on the tape if
the loonies were placed edge-to-edge?

b) What fraction of the tape would be covered with loonies by the end of the
marathon if the total contributions reached $1 000 000?

Visit the Royal Canadian Mint web site at:
http://www.rcmint.ca/en/

Find the number of coins of each denomination
produced in a recent year. Make up a math problem
from this information and invite a friend to solve your
problem. Make sure you provide enough information.

←      26.5 mm   →

Pat LaCroix / The Image Bank

Internet

Exploration
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Grade 7

Answer Key for Activity 3

q a) The height of the CN Tower is 553.3 × 1000 mm
or  553 300 mm.

b) The number of loonies in a stack the height of
the CN Tower would be 553 300 ÷ 1.95 or about
283 744. It would even be appropriate for a
student to observe that a loonie is about 2 mm
thick and so the number of loonies would be
about 553 300 ÷ 2 or about 276 650.

c) A stack of 583.2 billion loonies would have a
height of 583 200 000 000 × 1.95 mm or about
1 137 000 000 000 mm. This converts to
1 137 000 000 m and 1 137 000 km.
When students compare this answer with their
original estimate, they will probably discover that
they underestimated significantly how high a
stack of loonies corresponds to the Canadian
debt. (This debt should be repaid in paper money
of high denomination.)

r The distance from the Earth to the moon is about
400 000 km. A stack of 583.2 loonies is about
1 137 000 km.  The stack of loones is therefore,
about 1 137 000 ÷ 400 000 or 2.8 times the
distance from Earth to the moon. This means
that it could stretch to the moon and back, and
then almost back to the moon again! Practice in
working with orders-of-magnitude computations
will help students gain an understanding of the
relative sizes of millions and billions.

s a) The tape is 50 km or 50 000 000 mm long. Each
loonie has a diameter of 26.5 mm. Therefore the
number of loonies that could be placed on the
tape if the loonies are edge-to-edge would be
50 000 000 ÷ 26.5 or about 1 880 000. Answers
such as 1.8 or 1.9  million are acceptable.

b) If 1 000 000 loonies are on the tape, then about
1÷ 1.88 ≈ 53/100 or 53% of the tape is covered
with loonies. It’s acceptable to say that about half
of the tape is covered with loonies.

In this unit, we have been intentially cavalier with
issues involving significant digits. We often
compare quantities having different levels of
precision and carry more digits in our answers
than is justified. This is done to avoid the
complications of introducing the sophisticated
concepts of accuracy and precision. Making
estimates rather than seeking precise answers
allows us this freedom and enables us to postpone
discussing issues that students should deal with
much later. We have also spelled out the time units,
years, days, minutes, and seconds rather than
using the formal symbols y, d, min, and s, because
these are not yet in universal use and may confuse.

t a) As in Activity 2, we can show that the number
of seconds in a year is 31 500 000. Therefore the
production plant in Winnipeg can produce

        3 150 000 000 loonies in a year.  The number of
years required to produce 583 000 000 000 loonies
would be:  583 000 000 000 ÷ 3 150 000 000
or about 185 years!

b)  In t a, we found that if the machines ran 24
hours per day every day, the number of loonies
equal to the entire debt would be produced in 185
years. Therefore in one year 1/185 or about 0.5%
of the number of loonies required to pay off the
debt would be produced.

c) Since we anticipate an answer in days, we can
compute the number of seconds in a day as
24 × 60 × 60 or about 86 400 seconds. Since the
machine can produce 100 coins per second, it can
produce 86 400 × 100 or 8 640 000 coins per day.
The number of days required to produce
16 942 000 twonies is about:
16 900 000 ÷ 8 640 000 or almost 2 days.

u The per capita debt of Canadians is the total debt
divided by the total population. That is:
$583 000 000 000 ÷ 30 000 000 ≈  $19 440.
Alternatively, we might say that if the Canadian debt
were allocated equally to all Canadians, we would
each owe about $20 000!

Teacher Note
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The scoring guide presented below has been developed using student responses on a field test conducted in 1999.
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 3

Problem Solving: Solution of Multi-step Problems Involving Calculations

← An appropriate calculation procedure is used
and the calculations are carried out correctly.

← The calculation procedure is incorrect and yields a
meaningless answer.

← An appropriate calculation procedure is used and
the calculations are carried out correctly.

← The calculation procedure is incomplete, giving no
answer for the percent of the tape that is covered.

← An appropriate calculation procedure is used and
the calculations are carried out correctly, but the
answer has not been converted to years.

← The calculation procedure is appropriate and carried
out correctly.

← The calculation procedure is explained.

← The procedure is appropriate, but there is an
error in converting seconds to days.

← The calculation procedure is appropriate and
applied correctly.

← The calculation procedure is explained.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 4

Problem Solving: Solution of Multi-step Problems Involving Calculations

An appropriate calculation
procedure is used and the
calculations are carried out
correctly.

The calculation
procedure is
explained.

An appropriate calculation
procedure is used and the
calculations are carried out
correctly.

The calculation procedure
is explained.

Appropriate calculation
procedures are used and the
calculations are carried out
correctly and displayed.

Appropriate calculation
procedures are used and the
calculations are carried out
correctly and displayed.

Appropriate calculation
procedures are used and the
calculations are carried out
correctly and displayed.

← The answer to t c) is missing.

↑   The calculation procedure is appropriate, applied
correctly, and explained.
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Can Spaceship Earth Hold All the World’s Golf Balls?

Expectations Addressed

Activity 4 – Student Page

Context

Can Spaceship Earth Hold All the World’s Golf Balls?

Think about the dimensions of the spherical Spaceship Earth and about
the dimensions of a golf ball. Then estimate the number of golf balls
that you think could fit inside a sphere of these dimensions.

N 7-4 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 7-6 perform three-step problem solving that involves
whole numbers and decimals related to real-life
experiences, using calculators.

N 7-7 understand that repeated multiplication can be
represented as exponents (e.g., in the context of
area and volume).

N 7-16 explain the process used and any conclusions
reached in problem solving and investigations.

N 7-17 reflect on learning experiences and describe their
understanding using appropriate mathematical
language (e.g., in a math journal).

N 7-18 solve problems involving fractions and decimals
using the appropriate strategies and calculation
methods.

N 7-19 solve problems that involve converting between
fractions, decimals, and percents.

In the previous activities, students have estimated lengths,
heights, and times. In this activity, students estimate volumes.
Fermi problems involving the estimation of volume have
become popular recently as interview questions for executive
candidates by corporations that place a high premium on
intelligence. An article in the March 1997 issue of Forbes
Magazine describes some of the interview techniques that
are currently used by hiring agencies (see http://
www.forbes.com/forbes/97/0324/5906146a.htm).

That article contains, under the heading Guesstimates, these
two Fermi problems that are used to screen applicants.

•  How many barbers are there in Chicago?
•  How many golf balls does it take to fill the swimming pool used at the Atlanta Olympics?

The first of these problems is a variation of the original problem posed by Fermi (see p. 16). The second problem is the basis
of the problem posed in this activity. Instead of using the swimming pool context, this activity uses Spaceship Earth at
EPCOT. Not only is this more interesting to children, but it requires the estimation of the volume of a sphere as a fraction of
the volume of the cube that contains it. (It is not recommended that students use the formula for the volume of a sphere.)

The reason that Fermi problems associated with volume are so popular as tests of insight, is that volume relationships are
often counterintuitive. The fact that the volume of a 3-D figure is proportional to the cube of its linear dimensions means that
doubling its dimensions multiplies its volume by a factor of eight. The problem posed in this activity is Can Spaceship Earth
hold all the world’s golf balls? With the exponential growth in the number of golfers world-wide, it is not surprising that
Spaceship Earth cannot hold all the world’s golf balls – what is surprising is the fact that it may be the same order of
magnitude! Before launching this activity, it is recommended that you review the multiplication of powers of 10.
Exercise q revisits the Grade 6 expectation, determine the relationship between linear, square, and cubic units.

Activity 4 – Teacher Edition

CORBIS

Spaceship Earth is an architectural landmark situated at the EPCOT
Centre in Disney World. With its dimpled spherical surface, it
resembles a giant golf ball with a diameter of 55 m. It looks large

enough to hold all the golf balls in the world. In fact, one might ask
whether this is possible. To help us decide, we must estimate how many
golf balls it could hold if the inside space were entirely filled. Then we
must estimate how many golf balls are in the world today.
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Activity 4 – Student Page

The Lesson Launch    10 minutes

Distribute a copy of page 48 to all students. Ask if any students
have been to the EPCOT Center. If so, ask them to describe
what they remember about the Spaceship Earth pavillion.
Explain that EPCOT is an acronym for the Experimental
Prototype Community of Tomorrow as envisaged by Walt
Disney. Have students observe that Spaceship Earth is a large
geodesic sphere (i.e., two geodesic domes or hemispheres
put together). If students have worked through the module
Geometry & Spatial Sense, mention that Cinesphere is a
sphere of diameter 38 m and Spaceship Earth a sphere of
diameter 55 m. Ask questions such as:

• How many times as great as the diameter of
Cinesphere is the diameter of Spaceship Earth?
(Answer: 55/38 ≈ 1.45 times as great)

• How many times as great as the surface area of
Cinesphere is the surface area of Spaceship Earth?
(Answer:  1.452 ≈ 2.1 times as great)

• How many times as great as the volume of Cinesphere
is the volume of Spaceship Earth?
(Answer: 1.453 ≈ 3 times as great)

Closure

Can Spaceship Earth Hold All the World’s Golf Balls?

q Imagine you are placing centimetre cubes in a cubic metre. Answer
each  question, then fill in the missing number.

a) An interlocking centimetre cube is a cube with all
edges of length 1 cm that can be attached to another
centimetre cube. How many interlocking centimetre
cubes can be locked together in a strip that extends
the full length of an edge of a cubic metre?

b) How many of the strips referred to in q a) would it take to form a
layer of centimetre cubes that cover the bottom of a cubic metre?
How many centimetre cubes would it take to form a layer?

c)  How many of the layers referred to in q b) stacked on top of each
other would fill the inside of a cubic metre?

d)  How many centimetre cubes would fill the inside of a cubic metre?

r  The diagram shows a sphere inscribed in a cube so it touches each face
of the cube.
a) Estimate what fraction of the volume of the cube
is occupied by the sphere. Explain your thinking.

b) What would be the length, width, and height of a
cube just large enough to contain Spaceship Earth?

c) Use r b to estimate the volume of Spaceship Earth.

s  A golf ball has a diameter of 4.27 cm.
a) Estimate the volume of a golf ball. Explain your thinking.

b) About how many golf balls could Spaceship Earth hold if the golf
balls could be packed together with no air space between them?

c)  In the tightest packing of spheres, about one quarter of the volume is
air space. Use this information to revise your estimate in s b.

The total world-wide sales of new and used
golf balls is estimated to be between 1.5 and
2 billion dollars annually. Estimate how many

golf balls you think there may be in the entire world. Do you
think that Spaceship Earth could hold all these golf balls?

Write a report to state your opinion. Support your opinion with:

• your estimates of the number of golf balls that would fit in
Spaceship Earth and the number in the world.

• the assumptions you used to obtain these estimates.

• a step-by-step display of your calculations.

 Report

←     1 m    →

↑

1 m

↓
10 interlocking

centimetre cubes
  ↓

Explain to students that the surface area and volume of 3-D
figures are proportional to the square and cube of their linear
dimensions. Therefore, even though the diameter of
Spaceship Earth is less than 1.5 times the diameter of
Cinesphere, its volume is over three times as great. Hold up
a golf ball and ask how many of these they think would fit in
Spaceship Earth if it were empty on the inside. Record their
estimates on the blackboard.

Cooperative Learning Activity  30 minutes

Assemble a plastic cubic metre (or make one with tape and
rolled newspaper) and ten or more centimetre cubes and
display them in the classroom as in the diagram on page 49.

Arrange students into cooperative learning groups of 3 or 4
and assign the roles of chair, recorder, and reporter to each
group. Distribute copies of page 49 to all students and assign
Exercises q, r, and s. Encourage them to visit the cubic
metre and centimetre cube display as they work through
Exercise q to check that their answers are reasonable.
Circulate among the groups as they work to ensure that they understand what is asked of them and that they are
successful in discovering that a cubic metre can contain exactly one million centimetre cubes. This is an important
perceptual anchor in the estimation of volume (see the module Measurement p. 14).

When the students have finished Exercise s, have the reporter of each group report the group findings on one of
the exercises. Ensure that everyone understands that in Exercise q, they proved that 1 m3 =  1 000 000 cm3.

Assign students the task of completing individually the report described on page 49. Describe Fermi problems
and explain that in a Fermi problem the answer is not as important as the assumptions they make and the logical
steps they use to break the problem into simpler estimates. For this reason it is very important that they show
their work. Direct students who want more information on Spaceship Earth to the Spaceship Earth Fact Sheet at
the Internet address:  http://www.intercot.com/edc/Spaceship_Earth/spfacts.html
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Activity 4 – Student Page

Can Spaceship Earth Hold All the World's Golf Balls?

Think about the dimensions of the spherical Spaceship Earth and about the dimensions of a golf ball.
Then estimate the number of golf balls that you think could fit inside a sphere of these dimensions.

Spaceship Earth is an architectural landmark situated at the
EPCOT Centre in Disney World. With its dimpled spherical
surface, it resembles a giant golf ball with a diameter of 55 m.

It looks large enough to hold all the golf balls in the world. In fact,
one might ask whether this is possible. To help us decide, we must
estimate how many golf balls it could hold if the inside space were
entirely filled. Then we must estimate how many golf balls are in the
world today.

CORBIS
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Activity 4 – Student Page

The total world-wide sales of new and used golf balls
is estimated to be between 1.5 and 2 billion dollars

annually. Estimate how many golf balls you think there
may be in the entire world. Do you think that Spaceship

Earth could hold all these golf balls?

Write a report to state your opinion. Support your opinion with:

• your estimates of the number of golf balls that would fit in Spaceship
   Earth and the number in the world.

• the assumptions you used to obtain these estimates.

• a step-by-step display of your calculations.

  Report

↑ 10 interlocking
centimetre cubes

←           1 m          →

↑

1 m

↓

q  Imagine you are placing centimetre cubes in a cubic metre. Answer each
question, then fill in the missing number.

a) An interlocking centimetre cube is a cube with all edges of length
1 cm that can be attached to another centimetre cube. How many
interlocking centimetre cubes can be locked together in a strip that
extends the full length of an edge of a cubic metre?

b) How many of the strips referred to in q a) would it take to form
a layer of centimetre cubes that cover the bottom of a cubic metre?
How many centimetre cubes would it take to form a layer?

c)  How many of the layers referred to in q b) stacked on top of
each other would fill the inside of a cubic metre?

d)  How many centimetre cubes would fill the inside of a cubic metre?

r  The diagram shows a sphere inscribed in a cube so it touches each
face of the cube.

a) Estimate what fraction of the volume of the cube is occupied by
the sphere. Explain your thinking.

b) What would be the length, width, and height of a cube just large
enough to contain Spaceship Earth?

c) Use r b to estimate the volume of Spaceship Earth.

s  A golf ball has a diameter of 4.27 cm.
a) Estimate the volume of a golf ball. Explain your thinking.

b) About how many golf balls could Spaceship Earth hold if the golf
balls could be packed together with no air spaces between them?

c)  In the tightest packing of spheres, about one quarter of the volume is
air space. Use this information to revise your estimate in s b.
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Grade 7

Answer Key for Activity 4

q a)  100 centimetre cubes.
b)  It would take 100 strips each containing 100
centimetre cubes for a total of 10 000 or 104 cubes.
c)  It would take 100 layers of 104 cubes for a total
of 106 cubes to fill the cube of side length 1 m.
This tells us that there are one million cubic
centimetres in a cubic metre.

r a)  On a purely holistic judgement the sphere seems
to occupy between half and three-quarters the
volume of the cube. However, the formula for the
volume of a cube of radius R is 4πR3/3, so the ratio
of the volume of the sphere to the volume of the
smallest cube that contains it is actually π/6 ≈ 1/2.
Although some of the student samples show the
use of this formula, we don’t suggest teaching this
to students at this point. Holistic estimates between
1/2 or 3/4 are sufficient.

b)  Spaceship Earth has a diameter of 55 m. The
smallest cube that could contain it would have
edges 55 m long. Its volume would be 553 m3 or
about 166 375 m3.

c) The volume of Spaceship Earth is therefore about
half of 166 375 m3  or about 83 000 m3.

s a) The volume of a golf ball is about half the volume
of a cube with edges of length 4.27 cm. That is, the
volume of a golf ball is about 1/2 × 4.273 cm3 or
about 39 cm3.

b) In rc), we found that the volume of Spaceship
Earth is about 83 000 m3. Since 1 m3 = 1 000 000
cm3, the volume of Spaceship Earth is approximately
83 000 000 000 cm3. If golf balls could be packed
together without spaces between them, then
Spaceship Earth could hold approximately
83 000 000 000 ÷ 39, or about 2 100 000 000 golf
balls.
c)  Since even the tightest packing of spheres leaves
about one-quarter of the space unfilled, the space
filled by the golf balls is only 3/4 of the total space
inside Spaceship Earth. Therefore, Spaceship Earth
could hold only 3/4 of the 2 100 000 000 or about
1 575 000 000 golf balls.

 Report The estimation of the number of golf
balls in the world is a true Fermi

Problem (see p. 16). Several assumptions are
necessary and these depend on how the student
answers questions such as:

• Does this count all the golf balls at the bottom of
lakes and rivers or lost in the woods?

• What proportion of the golf balls sold are new
and what proportion are used?

• How many unsold golf balls are on the shelves
of retail stores, warehouses, and pro shops?

One possible sequence of questions, answers, and
estimates is:

Q. What fraction of all golf balls sold are new?

A. Assume about half the golf balls sold are new.

Q. What is the average sale price of a golf ball?

A. If a new golf ball sells for $2 and a used golf
ball sells for $1, then the average price for a
golf ball is (1/2)($2) + (1/2)($1) = $1.50.

Q. About how many golf balls are sold world-wide
each year?

A. Assuming total sales of about $1.8 billion
annually and an average sale price of $1.50,
the number of balls sold per year is about:

  1 800 000 000 ÷ 1.5 or 1 200 000 000.

Q. About how many new balls are sold each year?

A. About half of 1 200 000 000 i.e. 600 000 000.

Q. About how many new golf balls have been
produced in the last 40 years?

A. Probably there have been as many golf balls
produced in the last 10 years as in the previous
30 years. In the last 10 years there may have
been about 6 000 000 000 new balls produced,
and therefore about 12 000 000 000 produced
in the last 40 years.

Q. Could Spaceship Earth hold all these golf balls?

A. 12  000 000 000 > 1 575 000 000, so Spaceship
Earth could probably not hold all the golf balls
in the world today.
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The scoring guide presented below has been developed using student responses on a field test conducted in 1999.
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Reporting of Required Knowledge Related to Concepts, Procedures & Problem Solving

Level 1

This reports above are generally incoherent. Neither report addresses the original question,
Will all the golf balls in the world fit in Spaceship Earth? The statements in both reports are
generally incoherent and the calculations used to support the estimates, when they are provided,
are either incomplete or incoherent.

← Estimates of the number of golf balls
that would fit in Spaceship Earth and
the number in the world are given.

← There is an attempt to support the
estimate of the number of golf balls in
the world by the assumptions that a new
golf ball costs two dollars, a used golf
ball costs a dollar, and the annual sales
of golf balls is between 1.5 and 2 billion
dollars. There is no indication how these
numbers were used to yield the
estimates given.

↑ The reasoning presented here is incoherent.

← An estimate of the number of golf balls
in the world is given as one billion, but
the reasoning used to obtain this
estimate is incoherent.

← An estimate of the number of golf balls
that could fit in Spaceship Earth is given
as 5.625 million. There is an attempt to
display the calculations that yield this
estimate, but the reasoning is unclear.

↑ The student has made an effort to adjust the estimate to allow for the fact
that one quarter of the volume occupied by the golf balls is air space.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Reporting of Required Knowledge Related to Concepts, Procedures & Problem Solving

Level 2

It was not intended that students would use the formula for the volume of a sphere in preparing their estimates.
However, this student has used it and, generally, applied it correctly and displayed all calculations. Errors discussed
above prevented the student from reaching a conclusion on the original question, and this is the main reason for
classification of this report as Level 2 rather than Level 3.

← The student has applied the
formula for the volume of a
sphere to calculate correctly
(to one decimal digit) the
volume of a golf ball.

← The student has applied the
formula for the volume of a sphere
to calculate correctly (to the
nearest thousand  m3) the volume
of Spaceship Earth..

← The division of the volume of
Spaceship Earth by the
volume of the golf ball is an
appropriate procedure, but
the conversion from cubic
metres to cubic centimetres
uses the conversion factor of
100 rather than 1 000 000,
causing the estimate of the
number of golf balls that
would fit in Spaceship Earth
to be short a factor of 10 000.

← The student has divided
by 20 rather than
multiplied to determine
the total number of golf
balls created over a 20-
year period.

← The process described here for
determining whether Spaceship
Earth could hold all the golf balls
is flawed because it suggests
dividing, rather than comparing,
the two volumes.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Communication: Reporting of Assumptions and Estimates in the Solution of a Fermi Problem

Level 3

This report addresses all the questions. It includes an appropriate strategy for deciding whether Spaceship Earth
can hold all the golf balls in the world. Estimates of the number of golf balls in the world, the volume of
Spaceship Earth, and the volume of all the golf balls in the world are given and the calculations are displayed.
There is an error in computing the volume of Spaceship Earth in converting from linear to volume units. The
student uses linear units (cm) rather than volume units (cm3) throughout and in one case gives no units.

← Assumption stated

← Assumption stated and
estimate given for the
number of golf balls in the
world. Calculations are
displayed.

← Estimate given for the
volume of a golf ball and the
calculations are displayed.

← Estimate given for the
volume of Spaceship Earth
and the calculations are
displayed. There is an error
in calculation of 25003.

← Estimate given for the
volume of all the golf balls
in the world and the
calculations are displayed.

← Statement that Spaceship
Earth cannot hold all of the
golf balls in the world.

← Incorrect units. Should be cm3.

← Incorrect units. Should be cm3.

No units are given ↑ .
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 4

Communication: Reporting of Assumptions and Estimates in the Solution of a Fermi Problem

← Assumption stated

← Assumption stated and estimate given for
the number of golf balls in the world.
Calculations are  displayed.

← Estimate given for the volume of a golf ball and
the calculations are displayed.

← Estimate given for the volume of Spaceship Earth
and the calculations are displayed. Appropriate units
are used.

← Statement that Spaceship Earth cannot hold all
of the golf balls in the world is supported using
the estimates presented above.

← The student has calculated correctly but
used incorrect notation to represent the
answer.

← Estimate given for the number of golf balls that
can fit into Spaceship Earth and calculations are
displayed.

← The student recognizes that it is necessary to
convert from m3 to cm3 but uses an incorrect
conversion factor in converting from m3 to cm3.
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What Did the students think about the activities?What Did the students think about the activities?What Did the students think about the activities?What Did the students think about the activities?What Did the students think about the activities?

Most students seemed to enjoy the activities in the various modules for a variety of different
reasons. Here is a sample of their responses to the question, “Did you find this unit interesting?
Why or why not?”

Alas, we did not please everyone.
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Number Sense & Numeration: Grade 8

Overall Expectations

By the end of Grade 8, students will:

• compare, order, and represent fractions, decimals, integers, and square roots;

• demonstrate proficiency in operations with fractions;

• understand and apply the order of operations with brackets and exponents in evaluating
expressions that involve fractions;

• understand and apply the order of operations with brackets for integers;

• demonstrate an understanding of the rules applied in the multiplication and division of
integers;

• use a calculator to solve number questions that are beyond the proficiency expectations for
operations using pencil and paper;

•  justify the choice of method for calculations: estimation, mental computation, concrete materials,
pencil and paper, algorithms (rules for calculations), or calculators;

• solve and explain multi-step problems involving fractions, decimals, integers, percents, and
rational numbers;

• use mathematical language to explain the process used and the conclusions reached in problem solving.

Specific Expectations

(For convenient reference, the specific expectations are coded. For example, N 8-3 denotes the third
Number Sense and Numeration expectation in Grade 8.)

Students will:
Understanding Number

N 8-1 - represent whole numbers in expanded form using powers and scientific notation
(e.g., 347 = 3 × 102 + 4 × 10 + 7 and 356 = 3.56 × 102);

N 8-2 - compare and order fractions, decimals, and integers;

N 8-3 - mentally divide numbers by 0.1, 0.01, and 0.001;

N 8-4 - represent composite numbers as products of prime factors (e.g., 18 = 2 × 3 × 3);

N 8-5 - explain numerical information in their own words and respond to numerical information in a
variety of media;

N 8-6 - demonstrate an understanding of operations with fractions.

THE ONTARIO CURRICULUM, GRADES 1- 8: MATHEMATICS
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Computations

N 8-7 - perform multi-step calculations involving whole numbers and decimals in real-life
situations, using calculators;

N 8-8 - express repeated multiplication as powers;

N 8-9 - add, subtract, multiply, and divide simple fractions;

N 8-10 - understand the order of operations with brackets and exponents and apply the order of
operations in evaluating expressions that involve fractions;

N 8-11 - apply the order of operations (up to three operations) in evaluating expressions that
involve fractions;

N 8-12 - discover the rules for the multiplication and division of integers through patterning
(e.g., 3 × [-2] can be represented by 3 groups of 2 blue disks);

N 8-13 - add and subtract integers, with and without the use of manipulatives;

N 8-14 - multiply and divide integers;

N 8-15 - understand that the square roots of non-perfect squares are approximations;

N 8-16 - estimate the square roots of whole numbers without a calculator;

N 8-17 - find the approximate values of square roots of whole numbers using a calculator;

N 8-18 - use trial and error to estimate the square root of a non-perfect square;

N 8-19 - use estimation to justify or assess the reasonableness of calculations.

THE ONTARIO CURRICULUM, GRADES 1-8: MATHEMATICS

Applications

N 8-20 - demonstrate an understanding of and apply unit rates in problem-solving situations;

N 8-21 - ask “what if” questions; pose problems involving fractions, decimals, integers, percents,
and rational numbers; and investigate solutions;

N 8-22 - explain the process used and any conclusions reached in problem solving and
investigations;

N 8-23 - reflect on learning experiences and evaluate mathematical issues using appropriate
mathematical language (e.g., in a math journal);

N 8-24 - solve problems that involve converting between fractions, decimals, percents, unit
rates, and ratios (e.g., that show the conversion of 1/3 to decimal form);

N 8-25 - apply percents in solving problems involving discounts, sales tax, commission, and
simple interest.
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Activity 1 – Teacher Edition

Activity 1 – Student Page
Expectations Addressed

Context

Mental Math Tricks for Tax & Tips

Mental Math Tricks for Tax & Tips

Many people who serve the public receive a large portion of their income
in gratuities (called “tips”). Whether to tip and how much are up to the
person being served. However, it is generally recommended that a tip be
about 15% of the bill when the service rendered is satisfactory. A
particularly pleasant or helpful person may receive a tip closer to 20 or
even 25%.

q a) Why do you think gratuities, rather than wages alone, are paid in
the service industries?

b) What are the advantages and disadvantages of the gratuity system
to:
(i)  the patron? (ii)  the server? (iii) the employer?

Discuss

r a) In your group, make a
rubric showing what kinds
of behaviour would merit
tips at the 10%, 15%, and
20% levels for each of the
service jobs listed.

b) Under what circumstances
would you give no tip?

s a) Make a table like the one
on the right explaining the
procedure you would use
to calculate a tip at each of
the rates, 10%, 15%, and
20%. Look for different ways.

b) If the total bill to which you are adding the tip is x dollars, write an
expression for the amount of the tip for each rate. Then write an
expression for the total bill including the tip.
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N 8-2 compare and order fractions, decimals, and
integers.

N 8-6 demonstrate an understanding of operations with
fractions.

N 8-7 perform multi-step calculations involving whole
numbers and decimals in real-life situations, using
calculators.

N 8-10 understand the order of operations with brackets
and exponents and apply the order of operations
in evaluating expressions that involve fractions.

N 8-11 apply the order of operations (up to three
operations) in evaluating expressions that involve
fractions.

N 8-19 use estimation to justify or assess the
reasonableness of calculations.

N 8-20 demonstrate an understanding of and apply unit
rates in problem-solving situations.

N 8-22 explain the process used and any conclusions
reached in problem solving and investigations.

N 8-24 solve problems that involve converting between
fractions, decimals, percents, unit rates, and ratios
(e.g., that show the conversion of 1/3 to decimal
form).

N 8-25 apply percents in solving problems involving
discounts, sales tax, commission, and simple
interest.

The four activities in this unit do not have a common
theme. They are designed as a series of four lessons
that can be used any time throughout the year in any
sequence. However, they are all dedicated to a common
purpose – the development of number sense.

Activity 1 presents two familiar contexts in which we
are called upon to do mental arithmetic – tipping and
taxing. In Ontario, the combined sales tax and GST
are 15%. Since a standard gratuity is about 15%, the
ability to calculate 15% mentally is a double asset. Students first attempt to develop their own algorithm for
calculating 15% mentally. Then they analyse and compare given algorithms and apply them in various contexts.

In Activity 2 students compare fractions to answer the question, Which culture had the best approximation to π?
The focus on fractions is extended to fraction concepts in Activity 3, where students grapple with two famous
fraction paradoxes. Fraction concepts are further expanded in Activity 4 where students investigate what fraction
of the numbers in Pascal’s triangle are even. This provides a gentle, intuitive, and pictorial introduction to fractals.
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Distribute copies of page 62 to all students. Have students
read to themselves the first paragraph. Then discuss
Exercise q with the class. Record student responses on the
blackboard or overhead, using columns with headings
“disadvantages” and “advantages.”

Activity 1 – Student Page

Individual Activity      20 minutes

The Lesson Launch    15 minutes

Mental Math Tricks for Tax & Tips

The cartoon shows how four different people compute a  tip on a bill of $41.40.

If the check comes

to $41.40, I move

  the decimal point

   one place left to

     get $4.14.Then I

      add half of

     $4.14 or $2.07

     to geT a tip

$6.21.

I just take

about one sixth

of the bill. I

Round $41.40

up to $42.00

and take 1/6 of

$42.00, which

is $7.00

For a bill of

$41.40, I add

half the bill

to itself.

$41.40 +

$20.70

= $62.10.

Then I slide

the decimal

point one

place left to

get $6.21

You guys do

all that in

your head? I

just multiply

$41.40 by 0.15

on my

calculator.

Whoops!

Where

is it??

© Taisa Dorney

t What is the tip as a percentage of the bill given by each person in the
cartoon?

u In Ontario, the Provincial Sales Tax (PST) is 8% of the purchase price.
The Goods and Services Tax for all Ontarians (GST) is 7%. The
combined tax (PST + GST) is 15%. Describe a “mental math way” of
calculating the exact combined tax on any amount.
Use your mental math method to estimate the combined tax on these
purchases.

    a)  $18.00     b)  $24.20     c)  $42.60     d)  $25.99     e)  $35.95

v Dana’s hairdresser charges her $50.00 for a special hair treatment.
Then she adds the combined tax. What is the value of the bill:
a) before tax?         b)  after tax?     c) after tax and tip?
d)  Do you think Dana should calculate the tip on the $50 or on the
total bill after the tax is added? Give reasons for your answer.

w Harvinder sees a $99.95 jacket on sale at a discount of 20%. The
sales clerk adds 15% tax on the normal retail price of $99.95 and then
gives Harvinder a discount of 20% off the total. Harvinder insists that
he should only pay tax on the discounted price. The clerk agrees and
computes the discounted price first and then adds 15% tax on that
amount.  Does Harvinder save money by having the discount applied
before the tax is computed? Explain why or why not.

Cooperative Learning Activity

Arrange students into cooperative learning groups of 3 or 4
and assign the roles of chair, recorder, and reporter to each
group. Assign Exercises r and s to all groups. Provide each
group recorder with an overhead projector pen and two
overhead transparencies. Instruct them to use a ruler to make
larger versions of the tables on page 62 in which  they can
record the responses of their group. As you circulate around
the classroom, encourage students to move on to Exercise s
once they have a couple of entries in each cell of the table in
Exercise r.  Some groups will need help with the algebraic
formulation of the tips.

When it appears that all the groups have finished Exercise
s, have each reporter present the group’s responses on the
overhead projector. As this occurs, the class should be
checking to ensure that the algorithm presented yields the
correct (or approximately correct) tip. Collect and edit the
student-generated algorithms at the end of the activity. These
can be photocopied and mounted on a classroom poster titled
Mental Math Tricks for Tax and Tips for future student use.

25 minutes

Distribute copies of page 63 to all students. Discuss each of
the three algorithms presented and compare with the student-
generated algorithms. Discuss Exercise t with the class.
Assign Exercises u through w to all students to be completed
individually in their notebooks.

When the students have finished these exercises, discuss their
answers to Exercise u. Conduct a mental math quiz by asking
questions such as What is the combined sales tax and GST
on $40? on $100? on $72? Encourage students to answer
without using their calculators or pens. Ask students who
answer correctly to explain what mental math techniques they
used.

Closure

Discuss the answers to Exercises v and w.  Ask students to explain their reasons why they would calculate the tip
before (or after) adding the tax. Invite students to present their solutions to Exercise w. Most students will be able
to show that Harvinder does not save money by having the price discounted before the tax is applied. In most cases
they will show this by calculating the final cost when the tax is calculated before and after the discount is applied
and then observing that the final cost is the same in both cases. Display the two computations as $99.95(1.15)(0.8)
and $99.95(0.8)(1.15) and explain that since a product is not dependent on the order of its factors, both products
are the same. That is, it does not matter whether the tax is calculated before or after the discount.
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Mental Math Tricks for Tax & Tips

Activity 1 – Student Page

q a) Why do you think gratuities, rather than wages alone, are paid in the service
industries?

b) What are the advantages and disadvantages of the gratuity system to:
(i)  the patron? (ii)  the server? (iii)  the employer?

M any people who serve the public receive a large portion of their income in
gratuities (called “tips”). Whether to tip and how much are up to the person
being served. However, it is generally recommended that a tip be about 15%

of the bill when the service rendered is satisfactory. A particularly pleasant or helpful
person may receive a tip closer to 20 or even 25%.

Discuss

r a)  In your group, make a rubric showing what
kinds of behaviour would merit tips at the
10%, 15%, and 20% levels for each of the
service jobs listed.

b) Under what circumstances would you give no
tip?

%01 %51 %02
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s a) Make a table like the one on the right
explaining the procedure you would use to
calculate a tip at each of the rates, 10%, 15%,
and 20%. Look for different ways.

b) If the total bill to which you are adding the
tip is x dollars, write an expression for the
amount of the tip for each rate. Then write an
expression for the total bill including the tip.
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Activity 1 – Student Page

t What is the tip as a percentage of the bill given by each person in the cartoon?

u In Ontario, the Provincial Sales Tax (PST) is 8% of the purchase price. The Goods and
Services Tax for all Ontarians (GST) is 7%. The combined tax (PST + GST) is 15%.
Describe a “mental math way” of calculating the exact combined tax on any amount.
Use your mental math method to estimate the combined tax on these purchases.

a)  $18.00 b)  $24.20 c)  $42.60 d)  $25.99 e)  $35.95

v Dana’s hairdresser charges her $50.00 for a special hair treatment. Then she adds the
combined tax. What is the value of the bill:
a) before tax? b)  after tax? c) after tax and tip?
d)  Do you think Dana should calculate the tip on the $50 or on the total bill after the tax
is added? Give reasons for your answer.

The cartoon shows how four different people compute a  tip on a bill of $41.40.

I just take

about one

sixth of the

bill. I Round

$41.40 up to

$42.00 and

take 1/6 of

$42.00, which

is $7.00

If the check comes

to $41.40, I move

the decimal point

one place left

to get $4.14.

   Then I  add

 half of $4.14 or

 $2.07 to get a

tip $6.21.

For a bill of

$41.40, I add

half the bill

to itself.

$41.40 +

$20.70

= $62.10.

Then I slide

the decimal

point

 one place

left to get

$6.21

You guys do

all that in

your head? I

just multiply

$41.40 by

0.15 on my

calculator.

Whoops!

Where

is it??

w Harvinder sees a $99.95 jacket on sale at a discount of 20%. The sales clerk adds 15%
tax on the normal retail price of $99.95 and then gives Harvinder a discount of 20% off
the total. Harvinder insists that he should only pay tax on the discounted price. The
clerk agrees and computes the discounted price first and then adds 15% tax on that
amount.  Does Harvinder save money by having the discount applied before the tax is
computed? Explain why or why not.

© Taisa Dorney
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Grade 8

Answer Key for Activity 1

q  a) Answers will vary, but the main reason
would seem to be to create incentives for
good service.

b) Although there will be a range of answers,
they are likely to include the following:

Advantages:

(i)  The patron has the choice to tip as little
or as much as he or she chooses based on
the level of service provided. This may
increase the likelihood of good service.

(ii)  The server can be rewarded substantially
for offering excellent service.

(iii) The employer can offer a lower wage.

Disadvantages:

(i)  The patron sometimes doesn’t know how
much tip is appropriate or whether the
service person expects a tip.
(ii)  The server’s efforts are sometimes not
rewarded when the patron provides an
inadequate (or no) gratuity.
(iii)  It may be more difficult to attract good
workers if the wages are low.

r  The answers will be more varied and creative
than we might imagine in attempting to
anticipate student responses.

s A number of different algorithms or procedures
should be encouraged. Some standard
procedures are presented in the table below.

t The tips are respectively, 15%, 16.9%, 15%, and
15%.

u Any of the methods in Exercise t  for
calculating 15% is appropriate.
a)  $2.70    b)  $3.63    c)  $6.39    d)  $3.90
e)  $5.39

v  a)  $50.00 b)  $57.50
c) If the tip is given on the $50.00, then the
total bill including tax and tip is $65.00. If the
tip is given on the $50 plus tip, then the
combined cost is 50(1.15)2 ≈ $66.13.
d) Answers will vary because it is an opinion
item. It is generally accepted that the tip should
be calculated on the original bill before tax
because that represents the value of the product
and/or service that is provided.

Since a tip of 15% is the same as the combined
tax, some people avoid computation altogether
by merely leaving a tip equal to the amount of
tax displayed on the bill.
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w If the sales clerk adds 15% to the retail price,
and then gives a discount of 20%, the net price
to Harvinder is $99.95(1.15)(0.8).

If the sales clerk gives a discount of 20% first
and then adds the 15% tax, the net price to
Harvinder is $99.95(0.8)(1.15).

Multiplication is commutative, i.e., the order
of the factors does not change the product, so
it does not matter whether we take the discount
before or after the tax; the result is the same.
Harvinder does not save money by having the
discount applied before the tax is computed.
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The scoring guide presented below has been developed using student responses on a field test conducted in 1999.
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

Achievement Levels Defined by the Ministry of Education and Training

Level 1 Identifies achievement that falls much below the provincial standard.

Level 2 Identifies achievement that approaches the standard.

Level 3 The “provincial standard,” identifies a high level of achievement of provincial
expectations. Parents of students achieving at Level 3 in a particular grade can
be confident that their children will be prepared for work at the next grade.

Level 4 Identifies achievement that surpasses the standard.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See
Exercises q and r on page 62 can be used to acquaint students with the process of creating a rubric to assess their own
performance on tasks such as completing their homework or maintaining a portfolio. Included here are two samples of
student responses to those exercises.

Sample 1

Sample 2
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 4

Application: Express the Computation of Sales Tax Algebraically & Apply it Correctly

Level 2

← The student describes correct procedures for calculating
tips.

← The student is unable to write algebraic expressions for
the tip on an arbitrary amount $ x.

← The student calculates the percentages correctly, but
rounds 16.66% incorrectly to 16%.

← The student calculates the after-
tax cost rather than the tip, but
the calculations are correct.↑  Small rounding

 error

← Valid reasoning

← Student makes a small error in
computing the after tax amount. Her
answer indicates that she does not
realize that changing the order of the
factors does not alter the product.

← The student describes
correct procedures for
calculating tips.

← The student gives
correct algebraic
expressions for
both the tip and the
after-tax amount.

← The student calculates the correct
percentages and rounds appropriately,
but does not state clearly which of the
procedures yields 17%.

← The student applies the order of
operations correctly in computing the
tips.

← The student applies the order of operations correctly in computing
the tip and the final cost after tax and tip.

← This answer indicates that the student
realizes that changing the order of the
factors does not alter the product.
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Activity 2 – Teacher Edition

Activity 2 – Student Page

In Exercise q  students research some of the rich history
associated with the π enigma. In their investigations,
students will inevitably confront the idea that there is no
fraction that is exactly equal to π. This may be their first
encounter with the concept of irrational numbers and
(infinite) non-repeating decimal expansions. Fractional approximations to π have been sought by most of the
advanced civilizations throughout history. Exercise r involves students in determining which of these fractions
is closest to the true value of π. The first four terms of an infinite series that converges to π are given in Exercise
s, and students must use their calculators to perform several operations with fractions and a square root extraction
to convert this to a decimal approximant of π. This exercise involves not only operations with fractions, but also
an understanding of the order of operations. These skills are extended in Exercise t where students evaluate a
compound fraction to obtain an approximation to π.

Expectations Addressed

Is Pi Truly Ubiquitous?

Is Pi Truly Ubiquitous?

Math is Cool and Pi is

Ubiquitous

It seems that as we approach the 21st century,

math is becoming cool. A recent article in a

newspaper observed, “In some locales, high

school math competitors, mathletes, are

capable of capturing the limelight once

reserved for jocks.”

An interest in math is becoming a status symbol

and the number pi is getting its share of the

glory. The movie Good Will Hunting cast Matt

Damon as a math wizard. The movie Contact

starred Jodie Foster as an astronomer in search

of intelligent life in other galaxies. The award-

winning play Pi features an investor applying

mathematical patterns to reveal stock market

trends. Director Darren Aronofsky asserts, “Pi

is being rediscovered as a way to look at the

universe and find possible answers to eternal

questions.”

Next year perfume manufacturer Givenchy will

launch a new fragrance called Pi. It will be

promoted as “the thinking person’s scent.” If

everyone uses this cologne, then mathies will

be cool and pi will be truly ubiquitous.

Research the meanings of pi and ubiquitous.

q In your notebook or journal write a short biography of π.
Record some of the things you have learned about the
mathematical properties of π from your research. Your report
should address several different questions including the
following:

• What is the approximate numerical value of π?
• Is there a fraction that is equal to π ? If so, what is that

fraction?
• Why is π important in mathematics?
• What is a formula in which π appears and how is the

formula used?
• Why is π said to be ubiquitous?

N 8-2 compare and order fractions, decimals, and integers.

N 8-5 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 8-6 demonstrate an understanding of operations with
fractions.

N 8-9 add, subtract, multiply, and divide simple fractions.

N 8-10 understand the order of operations with brackets
and exponents and apply the order of operations in
evaluating expressions that involve fractions.

N 8-11 apply the order of operations (up to three operations)
in evaluating expressions that involve fractions.

N 8-19 use estimation to justify or assess the reasonableness
of calculations.

N 8-22 explain the process used and any conclusions
reached in problem solving and investigations.

N 8-23 reflect on learning experiences and evaluate
mathematical issues using appropriate mathematical
language (e.g., in a math journal).

N 8-24 solve problems that involve converting between
fractions, decimals, percents, unit rates, and ratios
(e.g., that show the conversion of 1/3 to decimal
form).

Context

This activity is dedicated to the investigation of π. Since
π plays a pivotal role in the circumference-diameter
relationship and since students at this level require some
time to digest its significance, this activity is designed to
span two class periods. Prior to administering this activity,
collect several books that deal with π including the first
two sources noted on p. 96, the video mentioned on page
69, and the Guinness Book of World Records.
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Activity 2 – Student Page

Paired Activity     30 minutes

Closure

Is Pi Truly Ubiquitous?

is the ratio of the circumference of a circle to its diameter.
Almost every civilization throughout history has attempted
to find a fraction equal to the value of π. It was not until

1794 that π was proved to be an irrational number. That is, there is no
fraction equal to π. However, we can find fractions that are close to π
in value and use them as approximations of π. When you press the
key for π on your calculator, you obtain a number that has several
decimal digits. Is this only an approximation of π?

π
etamixorppA

raeY
otdesUnoitcarF

etamixorppA π
noitaziliviC

.C.B0002 3 1/8 snainolybaB

.C.B0002 652 / 18 snaitpygE

.C.B052 3 01 / 17 < π < 3 1/7 eceerGtneicnAfosedemihcrA

.D.A054 553 / 311 anihCfohihc-gnu'hC

.D.A035 7293 / 0521 aidnIfoatahbayrA

.D.A0221 468 / 572 ylatIfoiccanobiF

r The decimal expression of π correct to 8 decimal places is 3.141 592 65.
a)Which of the civilizations in the table above found the fraction that

was the closest approximation to the true value of π?
b)Which of the civilizations had the least accurate approximation of π?
c)Which civilization, India or Ancient Greece, had the closer

approximation to π?

s To approximate the value of π, the great
mathematician and scientist Isaac Newton
used this complicated-looking expression:

➔

Use your calculator to evaluate the right side of this expression.
How many correct digits of π does this expression yield?

t A mathematician named Lambert used this
expression to approximate π.

➔

Use your calculator to evaluate the right side of this expression.
How many correct digits of π does this expression
yield? Which expression, the one given here or in
Exercise s, gives the closer approximation to π?

π ≈ +
+





3
1

7
1
15

Watch the order of
operations!

To investigate the ubiquity of π, check the web
site at:     http://www.joyofpi.com

Add another paragraph or two to your
biography of π. Include the answers to such
questions as:

• How many digits of π are known today?
• What is the greatest number of digits of
   π that have been memorized?

Share with a partner any new information you have discovered.

Distribute copies of page 70 to all students. Read the newsclip
to the class and pose the question, What is π? Elicit student
responses and discuss their meaning. Ensure that all students
understand that π (or π:1) is the ratio of the circumference of
a circle to its diameter, and that π represents a number that is
slightly greater than 3. It is important that students understand
that this ratio is the same for all circles no matter what their
diameter.

Divide the students into study groups of 3 or 4.  Appoint a
chair and a reporter for each group. Explain that you will be
showing a video, and they are to record in their journals as
many answers as they can to the questions on page 70 as
they watch the video. Then show a video such as The Story
of π: Project Mathematics! published by the California
Institute of Technology (1988). (If such a video is not
available, provide books with information on π and suggest
that students perform searches on the Internet to answer the
questions on page 70.)

Allow students a full class to gather the information requested
in Exercise q to write a biography of π in their journals. For
students who have not completed the biography of π by the
end of the hour, assign the completion of the biography as
homework.

    The Lesson Launch    25 minutes

Distribute copies of page 71 to all students. Group the students
in pairs and ensure that each pair has a calculator. Assign
Exercises r through t. Students who finish before the others
can should be encouraged to visit the Internet site given on
page 71 or to check the Guinness Book of Records. In the
index under pi, they will find information about the record number of digits of
π that have been memorized as well as some other entertaining facts about π.

The day following the preparatory lesson, allow students ten
minutes to confer with their group reporter. Then call on the
reporter in each group to present the group’s answers to the
questions posed on page 70. Conduct a class discussion of
the meaning of ubiquity, the significance of π, its numerical
value, and a formula or formulas that involve π. Then collect
the student journals for assessment of individual work.

When the groups have completed the exercises on page 71, have members of various pairs write on the blackboard
the decimal equivalents of the fractions in Exercises r through t. Then pose questions such as, Which fraction is
closest to 3.1415926…? and Which fraction is the worst approximation to π and why? If you have access to the
book The Joy of π by David Blatner (see reference p. 96), you will find a variety of interesting vignettes to read to
your class. For a five-minute excerpt, you can read The Legal Value of Pi, on pages 104-5, that describes how the
Indiana legislature, in 1897, nearly made π equal to 4 by law! For a longer session, with a human dimension, you
can read excerpts from The Chudnovsky Brothers (pp. 65-71).

 A Preparatory Lesson      60 minutes

π ≈ + − −





3 3
4

1
12

1
160

1
24 3584

Internet

Exploration
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Is Pi Truly Ubiquitous?

Research the meanings of pi and ubiquitous.

q In your notebook or journal write a short biography of π. Record some of the things you have
learned about the mathematical properties of π from your research. Your report should address
several different questions including the following:

• What is the approximate numerical value of π?
• Is there a fraction that is equal to π ? If so, what is that fraction?
• Why is π important in mathematics?
• What is a formula in which π appears and how is the formula used?
• Why is π said to be ubiquitous?

Activity 2 – Student Page

Math is Cool and Pi is

Ubiquitous

It seems that as we approach the 21st century, math is

becoming cool. A recent article in a newspaper

observed, “In some locales, high school math

competitors, mathletes, are capable of capturing the

limelight once reserved for jocks.”

An interest in math is becoming a status symbol and

the number pi is getting its share of the glory. The

movie Good Will Hunting cast Matt Damon as a math

wizard. The movie Contact starred Jodie Foster as an

astronomer in search of intelligent life in other

galaxies. The award-winning play Pi features an

investor applying mathematical patterns to reveal stock

market trends. Director Darren Aronofsky asserts, “Pi

is being rediscovered as a way to look at the universe

and find possible answers to eternal questions.”

Next year perfume manufacturer Givenchy will launch

a new fragrance called Pi. It will be promoted as “the

thinking person’s scent.” If everyone uses this cologne,

then mathies will be cool and pi will be truly

ubiquitous.
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A Short History of Fractional Approximations to Pi

Activity 2 – Student Page

etamixorppA
raeY

otdesUnoitcarF
etamixorppA π

noitaziliviC

.C.B0002 3 1/8 snainolybaB

.C.B0002 652 / 18 snaitpygE

.C.B052 3 01 / 17 < π < 3 1/7 eceerGtneicnAfosedemihcrA

.D.A054 553 / 311 anihCfohihc-gnu'hC

.D.A035 7293 / 0521 aidnIfoatahbayrA

.D.A0221 468 / 572 ylatIfoiccanobiF

r The decimal expression of π correct to 8 decimal places is 3.141 592 65.
a) Which of the civilizations in the table above found the fraction that was the

closest approximation to the true value of π?
b) Which of the civilizations had the least accurate approximation of π?
c) Which civilization, India or Ancient Greece, had the closer approximation to π?

s To approximate the value of π, the great
mathematician and scientist Isaac Newton used
this complicated-looking expression:

Use your calculator to evaluate the right side of this expression.
How many correct digits of π does this expression yield?

t A mathematician named Lambert used this expression to
approximate π.

π ≈ +
+





3
1

7
1
15

Watch the order
of operations!

Use your calculator to evaluate the right side of this expression.
How many correct digits of π does this expression yield? Which
expression, the one given here or in Exercise s, gives the closer
approximation to π?

To investigate the ubiquity of π, check the web site at:
http://www.joyofpi.com

Add another paragraph or two to your biography of π.
Include the answers to such questions as:

• How many digits of π are known today?
• What is the greatest number of digits of π that
   have been memorized?

Share with a partner any new information you have
discovered.

➔

➔ π ≈ + − −





3 3
4

1
12

1
160

1
24 3584

πis the ratio of the circumference
of a circle to its diameter.
Almost every civilization

throughout history has attempted to find
a fraction equal to the value of π. It was
not until 1794 that π was proved to be an
irrational number. That is, there is no
fraction equal to π. However, we can find
fractions that are close to π in value and
use them as approximations of π. When
you press the key for π on your calculator,
you obtain a number that has several
decimal digits. Is this only an approximation of π?

Internet

Exploration
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Grade 8

Answer Key for Activity 2

q At this point students should know that π is close
to 3. Some will know that π is about 3.14 and others
will give π to whatever number of decimal digits
they can obtain on their calculator display.

The student report should indicate that π is
irrational, i.e., there is no fraction that is equal to
π.

Many different reasons why π is important may be
given. Probably the most commonly identified by
your students will be the fact that it appears in many
formulas and enables us to calculate the
circumferences and areas of circles.

The word “ubiquitous” derives from the Latin word
ubique meaning “everywhere.” Since π seems to
pop up everywhere in mathematics, we say “π is
ubiquitous.”  Students may discover in their
research that π appears in the study of probability
(Buffon needle experiment), in statistics (normal
distribution), and in almost all branches of
mathematics. They may use this fact to verify that
π is indeed ubiquitous.

r The decimal equivalents of the fractions used to
approximate π are shown in the table below.

otdesUnoitcarF
etamixorppA π

lamiceD
tnelaviuqE

3 1/8 521.3

652 / 18 061.3

3 01 / 17 < π < 3 1/7 041.3 < π < 341.3

553 / 311 95141.3

7293 / 0521 06141.3

468 / 572 18141.3

a) As the table shows,
the fraction 355/113
offers the closest
approximation to the
true value of π.

b) The fraction 256/81
is the least accurate
approximation to π.

c)  India’s fraction
3927/1250 is closer to the true value of π than
the fraction 22/7 used by the Ancient Greeks.

s The expression used by Newton was actually an
infinite series. Only the first few terms of that series
are displayed in the given expression on page 71.
The decimal expansion of that expression is
approximately 3.14234. It is correct to three
decimal places and it yields the first three (correct)
digits of π. Actually Newton used  22  terms of this
infinite series and obtained 17 correct digits of π.

t Lambert's expression gives the first 3 terms of the
infinite continued fraction for π. Its decimal
equivalent is approximately 3.14150. This gives
four correct digits of π.

The expression in Exercise s yields 3.14234 and
the expression in Exercise t yields 3.14150, so
Lambert's expression is slightly closer to the true
value of π.

Internet Exploration

To obtain the number of digits to which π has been
computed, check the Internet or the most current issue
of the Guinness Book of Records in the index under π.
It will be a number greater than one billion.

The current record for the greatest number of digits of
π that have been memorized can also be obtained from
the Guinness Book of Records. It will be a number
greater than 40 000!
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The scoring guide presented below has been developed using student responses on a field test conducted in
1999. However, it is recommended that you regard it merely as a starting point in the development of your own
scoring guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics
asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.

2ytivitcArofediuGgnirocS
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Application of Mathematical Procedures: Evaluation of Expressions Involving Fractions

Level 2

Level 3

Level 4

← Correct comparison of fractions.

← Incorrect comparison of fractions.

← Incorrect comparison of fractions.

← Evaluation of the expression containing fractions is missing.

← Evaluation of the expression containing fractions is missing.

← Correct comparison of fractions.

← Correct comparison of fractions.

← Incorrect comparison of fractions.

← Evaluation of the expression containing fractions is missing.

← In the evaluation of the fractional approximation to π, the student added the reciprocal of 7
     and the reciprocal of 15 instead of taking the reciprocal of the sum of 7 and 1/15. This is an
     error in applying the order of operations.

← Correct comparison of fractions.

← Correct comparison of fractions.

← Correct comparison of fractions.

← Evaluation of the expression has the first four decimal digits correct.

← The student appears to have evaluated the expression correctly and
then rounded up the third decimal digit. It is not clear what was meant
by the response "yes."
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Communication: Articulation of the Meaning & Properties of Pi

Level 2

Level 3

Level 4

An appropriate numerical
approximation to π is given and
the student understands that π
cannot be expressed as a
fraction. A sense of why π is
important is evident, but no
formula is given. Also the
question about the ubiquity of
π is not addressed.

An appropriate numerical
approximation to π is given and
the student seems to understand
that π cannot be expressed as a
decimal number, although the
terminology is somewhat
awkward. The relationship
between the circumference and
diameter of a circle includes a
formula.  The student also
explains why π is important.
A correct response regarding
the ubiquity of π is also given.

An appropriate numerical
approximation to π is given and
the student understands that π
cannot be expressed as a
fraction and expresses this idea
by referring to the irrationality
of π. The formula for the area
of a circle in terms of π and its
radius is also given.  The
student also explains why π is
important. A correct response
regarding the ubiquity of π is
also given. This report contains
full sentences that respond
clearly to the questions asked.
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Activity 3 – Teacher Edition

Activity 3 – Student Page

Expectations Addressed

Mathematical Dialogues

© Taisa Dorney

Mathematical Dialogues

q a)  What was the total cost of the pizza and soft drinks including tip
and tax?

b)  How much was contributed by Kevin? by Karen?
c)  How many cans of soft drink are to be shared by Karen and Kevin?

r Explain how Karen might justify her claim that she is entitled to 9 of
the 24 cans of pop.

s Explain how Kevin might justify his claim that he is entitled to 21
cans.

t How many cans of pop would you give to Kevin and Karen if you
had to decide how to share the 24 cans between them? Justify your
answer. Use a diagram and/or a logical argument to explain your
thinking.

u Suppose Kevin had contributed $16 and Karen had contributed $8.
a) How many of the 24 cans of pop would Karen expect to receive?
b) How many would Kevin expect to receive?
c) How many cans would you give to each of them? Justify your

answer.

N 8-5 explain numerical information in their own words
and respond to numerical information in a variety
of media.

N 8-9 add, subtract, multiply, and divide simple fractions.

N 8-21 ask “what if” questions; pose problems involving
fractions, decimals, integers, percents, and rational
numbers; and investigate solutions.

N 8-22 explain the process used and any conclusions
reached in problem solving and investigations.

N 8-23 reflect on learning experiences and evaluate
mathematical issues using appropriate mathematical
language (e.g., in a math journal).

…Hmmm, with tax

and tip that comes to

$24, Melissa.

Hey look! I JUST WON

A FREE CASE OF 24

SOFT DRINKS. INSTEAD

OF PAYING YOU BACK,

I’LL JUST SPLIT THE

CASE BETWEEN YOU.

I can contribute $15.
…And I can

contribute $9.

I don’t have

any money

with me. I’ll

have to pay

you back

tomorrow.

THEN I

SUPPOSE I

GET 9 CANS

AND you

GET 15

CANS.

THAT’S O.K. WITH ME, KAREN,

BUT THE  MATHEMATICALLY

CORRECT SHARES WOULD BE

21 CANS FOR ME AND 3 FOR

YOU.

WHO’S RIGHT??? Talk about it.

LATER

Let’s order

Pizza and

soft drinks!

This activity is based on an old Arab tale that is retold
in The Man Who Counted (see reference p. 96). On
pages 15–18 of that book, author Malba Tahan tells of
a wealthy Arab, Salem Nasair, who was ambushed and
robbed by desert nomads. Two men who happened upon
the victim shared their bread with him: one contributed
three loaves and the other contributed five loaves. All
three men shared equally in the eight loaves. When a
reward of eight gold pieces was to be paid to the two
contributors there was some discussion regarding how
many coins each should receive. Should the coins be
divided in the ratio of 3:5 or 1:7? Since the answer is
counterintuitive, it is an excellent problem for
stimulating a class discussion.

Page 78 presents the same problem, revised so that it
has a contemporary context. In this formulation of the
problem, Karen and Kevin contribute in the ratio of
9:15 or, in lowest terms, 3:5. The reward to be divided
is 24 cans of pop rather than 8 gold pieces, but the
appropriate division in both cases is 1:7.

Page 79 presents a modern version of another Arabian problem in which 35 camels are bequeathed to three sons
so that the oldest receives 1/2 of them, the second oldest 1/3 and the youngest 1/9. The sons argue because none
of these fractions yields a whole number of camels. A passing stranger contributes his camel so that there are
now 36 camels. The sons take their shares of 36, namely, 18, 12 and 4 camels, leaving one camel that is reclaimed
by the stranger who rides it off into the sunset. In the problem on page 79, students are to receive shares of 1/2,
1/3, and 1/8 of 23 CDs. As in the original Arabian problem, a stranger contributes a CD so that the students can
claim 12, 8, and 3 CDs and the stranger retrieves his CD. In both problems, the paradox arises because the
fractions do not add up to 1.  The stranger merely allocates the missing portion so that all the shares become
integers.  Before launching this activity, it is recommended that you review factors, multiples, and common
denominators. You may also provide sets of 24 centimetre cubes for students to use as manipulatives.

Context
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Activity 3 – Student Page

Divide the class into groups of 3 or 4. Appoint a chair,
a recorder, and a reporter for each group. Distribute
copies of page 78 to all students. Display an overhead
transparency of the dialogue on page 78 and read the
speech balloons in each rectangle of the dialogue as
you display it. Then invite questions to ensure that the
students understand the dialogue. Assign each group
the task of completing Exercises q through u on page
78. Remind the reporters in the groups that they must
be prepared to defend their positions – do they support
Kevin’s point of view or Karen’s?

Circulate around the room as the students discuss the
issues. They are expected to assume that Karen, Kevin,
and Melissa shared the pizza equally. Usually most
students support Karen’s claim at first. As more
discussion occurs, some students may begin to consider
the pizza consumed by each individual and it occurs to
them that they must subtract the personal consumptions
before they can calculate the respective contributions
to Melissa. This brings them to an understanding of
Kevin’s entitlement. In Exercise t, the student is guided
toward a “what if?” scenario.  That is, what if Karen’s
consumption is equal to her contribution? Is she entitled
to any part of the reward? The “what if” scenario can
be carried even further by asking, “What if Karen had
contributed less than what she ate?”

When all the groups have completed their reports, invite
a reporter to state and justify their group’s opinion about
how the 24 cans of pop should be distributed. After the
opinion is expressed, invite another reporter
representing an opposing view to give reasons why the
opposing view is more reasonable. Continue to receive
reports and encourage discussion until some consensus
is reached. If no consensus is reached, read to the class pages 15 through 18 in The Man Who Counted. If still no
consensus is reached, ask the students to take page 78 home to discuss with their parents and to report on what
their parents think.

v a) How many CDs did Kevin, Karen, and Conner win?
b) What share of the CDs did each of them claim?
c) Why were they unable to receive those shares?
d) What did Mr. Scully, the music teacher, do to resolve the problem?

w a) Assuming each of the students received the shares they claimed,
how many CDs did each of them receive?

b) How many CDs did the students receive in total?
c) Did Mr. Scully's contribution provide shares of the 23 CDs that

were different from the shares claimed by the students? If so, how
did the shares change?

x Explain why Mr. Scully was able to divide the 23 CDs to everyone’s
satisfaction even though he did not really change the number of CDs
to be divided.

y Suppose the students had won 11 CDs and claimed shares of 1/2, 1/4
and 1/6. Can you use Mr. Scully’s method to share the CDs to
everyone’s satisfaction? Explain why or why not.

z Create a problem like the one above that can be solved by Mr. Scully’s
method. Assume that three people are to share some number of
identical items and they claim shares of 1/2, 1/3, and 1/9.

30 minutes

   Cooperative Learning Activity 1

30 minutes   Cooperative Learning Activity 2

Divide the class into groups of 3 or 4. Appoint a chair, a recorder, and a reporter for each group. Distribute copies
of page 79 to all students. Repeat the procedure followed for the cooperative learning activity above and assign
Exercises v through z on page 79 to the groups. When all groups have completed the exercises discuss the
answers to Exercises v and w. Then invite the reporters to present their answers to Exercise x. Students may
attempt to explain Mr. Scully’s procedure rather than why it works. Guide the students toward the discovery that
the fractions 1/2, 1/3 and 1/8 do not add up to 1. Ask students to determine the sum of these fractions. When they
have discovered that the sum is 23/24, explain that the teacher merely distributed the unallocated share of 1/24
among each of the students so that they each received a whole number of CDs. (Mr. Scully’s method works only
when the sum of the shares are a fraction of the form n/(n + 1) for some whole number n.)

Mathematical Dialogues

I answered half

the questions

correctly, so I

should get half

the CDs.

Then I

should get

one third

of the CDs.

…and I should

get one eighth

of the CDs.

this is silly!

You can’t take

a  half, a

third, or an

eighth of 23

CDs

Here, you can have my

CD. That gives you 24

in all, so you can each

take your share.

Thanks Mr. Scully.

Now that we have 24

CDs, we all get our

share.

…Hmmm.

There’s one

left over–

Bach’s

toccata

and fugue.

I might

have

guessed.

LATER

Kevin, Karen and Conner  won 23 CDs in the CoolKevin, Karen and Conner  won 23 CDs in the CoolKevin, Karen and Conner  won 23 CDs in the CoolKevin, Karen and Conner  won 23 CDs in the CoolKevin, Karen and Conner  won 23 CDs in the Cool

Rock-2300 Radio trivia quiz because theyRock-2300 Radio trivia quiz because theyRock-2300 Radio trivia quiz because theyRock-2300 Radio trivia quiz because theyRock-2300 Radio trivia quiz because they

answered the most questions correctly.answered the most questions correctly.answered the most questions correctly.answered the most questions correctly.answered the most questions correctly.

Talk About It. © Taisa Dorney
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q a)  What was the total cost of the pizza and soft drinks including tip and tax?
b)  How much was contributed by Kevin? by Karen?
c)  How many cans of soft drink are to be shared by Karen and Kevin?

r Explain how Karen might justify her claim that she is entitled to 9 of the 24 cans
of pop.

s Explain how Kevin might justify his claim that he is entitled to 21 cans.

t How many cans of pop would you give to Kevin and Karen if you had to decide
how to share the 24 cans between them? Justify your answer. Use a diagram
and/or a logical argument to explain your thinking.

u Suppose Kevin had contributed $16 and Karen had contributed $8.
a) How many of the 24 cans of pop would Karen expect to receive?
b) How many would Kevin expect to receive?
c) How many cans would you give to each of them? Justify your answer.

Mathematical Dialogues

Activity 3 – Student Page

Let’s order

Pizza and

soft drinks!

I don’t have any

money with me.

I’ll have to pay

you back

tomorrow.

…Hmmm, with tax

and tip that comes

to $24, Melissa.

I can contribute $15.
…And I can

contribute $9.

Hey look! I JUST WON A

FREE CASE OF 24 SOFT

DRINKS.

INSTEAD OF PAYING YOU

BACK, I’LL JUST SPLIT THE

CASE BETWEEN YOU.

LATER

THEN I SUPPOSE I

GET 9 CANS AND

you GET 15 CANS.

THAT’S O.K. WITH ME, KAREN,

BUT THE MATHEMATICALLY

CORRECT SHARES WOULD BE 21

CANS FOR ME AND 3 FOR YOU.

WHO’S RIGHT???

Talk about it.

© Taisa Dorney
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Activity 3 – Student Page

Mathematical Dialogues

v a) How many CDs did Kevin, Karen, and Conner win?
b) What share of the CDs did each of them claim?
c) Why were they unable to receive those shares?
d) What did the music teacher, Mr. Scully, do to resolve the problem?

w a)  Assuming each of the students received the shares they claimed, how many CDs did each of
them receive?

b) How many CDs did the students receive in total?
c) Did Mr. Scully’s contribution provide shares of the 23 CDs that were different from the shares

claimed by the students? If so, how did the shares change?

x Explain why Mr. Scully was able to divide the 23 CDs to everyone’s satisfaction even though he
did not really change the number of CDs to be divided.

y Suppose the students had won 11 CDs and claimed shares of 1/2, 1/4 and 1/6. Can you use Mr.
Scully’s method to share the CDs to everyone’s satisfaction? Explain why or why not.

z Create a problem like the one above that can be solved by Mr. Scully’s method. Assume that three
people are to share some number of identical items and they claim shares of 1/2, 1/3, and 1/9.

Talk About It. © Taisa Dorney

Kevin, Karen and Conner  won 23 CDs in theKevin, Karen and Conner  won 23 CDs in theKevin, Karen and Conner  won 23 CDs in theKevin, Karen and Conner  won 23 CDs in theKevin, Karen and Conner  won 23 CDs in the

Cool Rock-2300 Radio trivia quiz becauseCool Rock-2300 Radio trivia quiz becauseCool Rock-2300 Radio trivia quiz becauseCool Rock-2300 Radio trivia quiz becauseCool Rock-2300 Radio trivia quiz because

they answered the most questions correctly.they answered the most questions correctly.they answered the most questions correctly.they answered the most questions correctly.they answered the most questions correctly.

I answered half

the questions

correctly, so I

should get half

the CDs.

Then I should

get one third

of the CDs.

…and I should get

one eighth of the CDs.

this is silly! You

can’t take a  half,

a third, or an

eighth of 23 CDs

Here, you can

have my CD. That

gives you 24 in

all, so you can

each take your

share.

Thanks Mr. Scully. Now

that we have 24 CDs,

we all get our share.

LATER

…Hmmm.

There’s one

left over–

Bach’s

toccata

and fugue.

I might

have

guessed.

Bach
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Grade 8

Answer Key for Activity 3

q  a)  The total cost of the pizza and soft drinks
including tax and tip was $24.

b)  Kevin contributed $15 and Karen $9.
c)  24 cans are to be shared by Karen and Kevin.

r Karen might observe that she contributed 9/24 of
the purchase and therefore she should receive 9/24
of the 24 cans, i.e., 9 cans.

s Kevin might observe that each person was to
contribute $8. Since Melissa had no money, Kevin
contributed $7 toward Melissa’s share (i.e., $15 less
his share of $8) and Karen contributed $1 toward
Melissa’s share. Therefore, Melissa owed Kevin $7
and Karen $1. If she resolved the debt by paying in
soft drinks instead of dollars, Kevin should receive
7/8 of the 24 cans or 21 cans, and Karen should
receive 3 cans.

t Answers will vary. Kevin’s argument may be
regarded as the “mathematically correct” solution.
However, the reasoning and justification is more
significant than the answer given. It is more
important that each student understand the logic of
both arguments. Some students might share Karen’s
point of view out of a sense of “fairness.” Social
norms generally lean toward equitable distribution
of rewards and profits and militate against what may
appear to be skewed distribution of gains.

u As in Exercise t, answers will vary. The logic of
Kevin’s argument may be a little more evident in
this case because Karen’s contribution of $8 pays
only for her share and Kevin has lent Melissa the
entire $8 to cover her share. Therefore, if she
chooses to repay her debt in cans, Kevin should
receive all 24 cans.
a)  0 cans
b) 24 cans
c)  At this point, more students should recognize
the logic of Kevin’s argument. To those who remain
commited to Karen’s point of view, ask how the
cans should be distributed if Kevin were to
contribute $17 and Karen $7, so that in effect Kevin
is owed $1 by Karen and $8 by Melissa.

v a)  23 CDs

b)  They claimed 1/2, 1/3, and 1/8 of the CDs.

c) They could not distribute these shares because
23 is not divisible by 2, 3, or 8.

d)  Mr. Scully contributed a CD of his own.

w  a)  When the 24 CDs were divided into shares of
1/2, 1/3, and 1/8, the students received 12, 8, and
3 CDs respectively.

b)  The students received 23 CDs in total.
c)  The shares of the 23 CDs that the students

received were respectively 12/23, 8/23, and
3/23. That is, each student received a slightly
larger share than they had claimed. The student
who claimed 1/2 actually received a share of
12/23. The student who claimed 1/3 actually
received 8/23, and the student who claimed 1/8
actually received 3/23.

12
24

8
24

3
24

23
24+ + =

24
23

1
2

24
23

1
3

24
23

1
8

















, , and

x The original fractions claimed did not add up to 1,
so there was a share of 1/24 that had not been
allocated. That is,

In mathematical terms, the teacher took the
unallocated share of 1/24 and by increasing each
of the shares claimed by a factor of 24/23, he
assigned the larger shares:

That is, he increased the shares to 12/23, 8/23, and
3/23. These fractions total one, and yield 12, 8,
and 3 CDs respectively. Since everyone’s share was
24/23 times larger than that claimed, everyone was
happy, including the teacher who retrieved his
Toccata and Fugue.

y Yes. By adding one CD and bringing the total to
12, we can give shares of 6, 3 and 2 CDs. The extra
CD is then returned. Essentially we have reassigned
the unallocated 1/12 share by increasing each share
by a factor of 12/11 to obtain the shares 6/11,
3/11, and 2/11.

z Merely replace the 23 CDs in the original problem
by 17 CDs.
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The scoring guide presented below has been developed using student responses on a field test conducted in 1999.
However, it is recommended that you regard it merely as a starting point in the development of your own scoring
guide that will evolve as you use this with students.  The Ontario Curriculum, Grades 1–8: Mathematics asserts:

Level 3, the “provincial standard,” identifies a high level of achievement of the provincial
expectations. Parents of students achieving at Level 3 in a particular grade can be confident that
their children will be prepared for work at the next grade.

For this reason, the scoring guides in this module shade the criteria in the Level 3 column, and on occasion relate
other levels to Level 3 achievement.
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The scoring guide presented above is a “product-oriented” rubric for assessing problem-solving skills based on
the students’ written work. However, this activity involves mainly group discussions of the ideas involved and
therefore provides an excellent opportunity for observation-based assessment of students’ problem-solving skills.
To perform such an assessment you may wish to create your own “process-oriented” scoring guide. To help you
get started, we have included an example of such a scoring guide for problem solving on page 89. However, as
we have noted in the preambles to our previous scoring guides, it is recommended that you regard this merely as
a starting point in the development of your own rubric that will evolve as you use it with students.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Problem Solving: Uses Reasoning to Resolve Paradoxes involving Fractions

Level 1

Level 2

← The student does not understand Kevin's point of view.

← The student gives only one number
and provides no explanation.

← The student has not understand Kevin's reasoning.

← The correct number of CDs in each share is given.

← The correct number of CDs
in each share is not given
because the student seems
not to have understood the
question.

The student has understood
both Kevin and Karen's
points of view.

↓

← The correct division of cans according
     to each viewpoint.

↑
The student shows a
political wisdom beyond
her years.

In Exercises v – z, the student was unable to demonstrate an understanding of the teacher's method
of resolving the paradox and therefore was unable to determine the number of CDs in each share
when applied to 11CDs. Therefore these responses were assessed at Level 2 rather than Level 3.
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Level 4

Problem Solving: Uses Reasoning to Resolve Paradoxes involving Fractions

← The student has understood Karen's
point of view.

← The student has understood Kevin's
point of view.

← Both points of view are understood and
there is an appropriate division of the 24
cans using Kevin's reasoning.

← The correct number of CDs in
each share is given for the
distribution of the 23 CDs.

← The student astutely observes that the
shares changed “by a decimal number.”
That is, the teacher's method assigns the
unallocated 1/24 so that each share of the
23 CDs is an integer.

← The student has recognized that
adding 1 to 11 yields a number that
is divisible by 2, 4, and 6 and can
be distributed in integral shares.

← The student has gone beyond
expectations and sought to
determine value of 24 cans of pop
and then distribute that against the
debt in the 7:1 ratio.

← The student has discovered that 54
is divisible by 2, 6, and 9 and has
used this fact to create a problem
that can be resolved by Mr. Scully’s
method.
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Activity 4 – Teacher Edition

Activity 4 – Student Page
Expectations Addressed

In this activity, students revisit Pascal’s triangle (see
the module, Patterning & Algebra.) They complete the
first 16 rows of Pascal’s triangle and record the fraction
of numbers that are even. On that basis, they are asked
to conjecture what fraction of the numbers in the first
256 rows of Pascal’s triangle are even. Three possible
fractions, 4/10, 1/2, and 9/10 are proposed and the
students are asked to choose which of these they believe
to be closest to the true fraction.

Context

What Fraction of the numbers in Pascal’s Triangle are even?

 What Fraction of the Numbers in Pascal’s Triangle are Even?

In the first 10 rows, I found that

40% of the numbers were even, so I

think it’s close to 4 tenths.

If two numbers are the same

parity, their sum is even. If they

are different parity, their sum

is odd. Therefore both types of

numbers are equally likely, so

About half are even.

All the 1’s along the sides of

pascal’s triangle are odd, so there

can never be more than about 9

tenths of the numbers even.

s Which of the three opinions
expressed above do you
believe would be closest to

the truth if we considered
the first 256 rows of

Pascal’s triangle? Give
reasons for your

answer.

q Fill in the missing numbers in
Pascal’s triangle. Shade the
hexagons containing even
numbers. Calculate the
fraction of Pascal’s triangle
that is shaded. Express in
lowest terms.

rDescribe any pattern
you see in the
locations of the
even and odd
numbers.

1
1

1
1

1
1

1
1

1
1

1
1

1
1

1

1
1

1
1

1
1

1
1

1
1

1
1

1
1

2
3

4
5

6
7

8
9

10

11

3
4

5
6

7
8

9
10

11 55 165 330 462 462 330 16555

45 120 210 252 210 12045
36 84 126 126 84 36

28
21

15

56
35

20

70
35

15

56
21

28

10 10
6

1 1

         Remember:
Each number in Pascal’s

triangle is the sum of the two
numbers directly above it.

4 6

10

N 8-5 explain numerical information in their own
words and respond to numerical information in
a variety of media.

N 8-6 demonstrate an understanding of operations with
fractions.

N 8-8 express repeated multiplication as powers.

N 8-9 add, subtract, multiply, and divide simple
fractions.

N 8-10 understand the order of operations with brackets
and exponents and apply the order of operations
in evaluating expressions that involve fractions.

N 8-11 apply the order of operations (up to three
operations) in evaluating expressions that involve
fractions.

N 8-22 explain the process used and any conclusions
reached in problem solving and investigations.

N 8-23 reflect on learning experiences and evaluate
mathematical issues using appropriate
mathematical language (e.g., in a math journal).

P&A 8-4 use the concept of variable to write equations
and algebraic expressions.

On page 87, the students explore the procedure for generating the Sierpinski triangle – a famous example of the
recently-discovered mathematical sets called a fractals.  (Students will not need to know anything about fractals
to complete the exercises.) In Exercises t through v, students calculate the fraction of a triangle that remains
each time one-quarter of it is removed. In Exercise w, they write an algebraic expression for the fraction that
remains when this process is repeated n times. As the procedure is repeated a large number of times, students
observe that the remaining area approaches zero.  In the section titled Research Report, students shade in the
Pascal Parity Game Template (see p. 92) the cells in Pascal’s triangle that would contain even numbers using the
fact that two numbers of the same parity (i.e. both even or both odd) have an even sum. As they apply this rule to
shading the cells in the template, students are engaged in an exciting new topic in mathematics (invented by John
von Neumann) called cellular automata. By comparing the pattern of shaded cells to the shaded parts of the
Sierpinski triangle, students are guided to the conjecture that as the number of rows of Pascal’s triangle increases,
the proportion of even numbers approaches (but never reaches) 100%.

© Taisa Dorney
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Activity 4 – Student Page

Closure

Research Report

The Lesson Launch    5 minutes

Display on the overhead projector a copy of Pascal’s
triangle as shown on page 86. Review with students the
procedure for generating the numbers in Pascal’s triangle
by forming two diagonal lines of 1’s and then writing in
any cell the sum of the two numbers directly above it. Have
a student come to the overhead projector and fill in the
numbers in the next row. Invite another student to shade
the even numbers in Pascal’s triangle.

Then ask students:  What percentage of the numbers are
even: in the first 4 rows? in the first 8 rows? in the first 12
rows?

What Fraction of the numbers in Pascal’s Triangle are even?

A pattern called Sierpinski’s gasket is created as follows:

The midpoint of the sides of an equilateral
triangle are joined to divide the original triangle
into four smaller congruent triangles. The
shaded triangle is then removed.
a)  How many (white) congruent triangles
remain?
b)  What fraction of the original triangle
remains?

The procedure above is then repeated, dividing
each of the remaining triangles into four smaller
triangles and removing the shaded triangles.
a)  How many (white) congruent triangles remain?
b)  What fraction of the original triangle remains?

Again, the procedure above is repeated, and the
shaded triangles are removed.
a)  How many (white) congruent triangles remain?
b)  What fraction of the original triangle remains?

Suppose the procedure above were repeated one more time. Write an
expression for the fraction of the original triangle that would remain.
Write an expression for the fraction of the original triangle that would
remain if the procedure were repeated n times.

4

5

6

Get the Pascal Parity Game template
from your teacher. Follow the
instructions on your template. Use

your completed template to write a report that answers the question
What fraction of the numbers in Pascal’s triangle are even? Include
these elements in your report:

• the patterns you obtained when you shaded the even
numbers

• the number of hexagons that were shaded
• the total number of hexagons
• the fraction of the area that was shaded
• how the fraction of even numbers changed as the number

of rows increased
• your evaluations of the opinions expressed on the other page

If you have a graphing calculator, get program PASCAL from your
teacher. Run PASCAL to determine the percentage of even numbers
in the first:
a)  16 rows b)  32 rows c)  64 rows
of Pascal's triangle.

8

7

Chal
leng

e

Individual Activity     20 minutes

Distribute copies of page 86 to all students. Read the
conjectures of the three students shown on that page
regarding the fraction of numbers in Pascal’s triangle that
are even. Ask students which conjecture they believe is
closest to the truth. Encourage students to give reasons for
their conjectures. Then ask them to fill in the empty cells
in Pascal’s triangle on page 86 and use it to complete
Exercises q – s on that page.

As you circulate around the room, check that students are
recording a number close to 2/5 as the fraction of even
numbers in their shaded triangles.

Distribute copies of page 87 to all students. Group the
students into pairs. Assign Exercises  t – w on that page.
Before the students begin work, explain that they should
think of the shaded areas as parts that are cut out of the
original triangle. Explain also that on each repetition of the
procedure, 1/4 of each remaining (white) triangle in the
diagram is removed. Exercise w is marked as a challenge
because it requires students to generalize the procedure and
to represent the remaining fraction of the original triangle
after the nth repetition as an algebraic expression in n, i.e.,
(3/4)n. As you circulate around the classroom, it will be
necessary to help some students discover that each time
the procedure is applied, the area remaining is 3/4 the area
before the procedure was applied. When all students have
finished, discuss the answers to these exercises. Then
distribute the Pascal Parity Game template to all students
(see p. 92) and assign the Research Report activity.

Paired Activity     30 minutes

Collect the student reports. Then display on the overhead projector a transparency showing the completed Pascal Parity
Game template shown on page 93. Discuss how this pattern resembles the Sierpinski triangle. Ask students what this
suggests about the fraction of cells in Pascal’s triangle that are shaded. Through questioning, guide students to the realization
that as the number of rows of Pascal’s triangle increases, the proportion of even numbers approaches 100%. If you have a
TI-83 graphing calculator, input the program given on page 93 and display the shaded Pascal’s triangle for various numbers
of rows. If students have access to these graphing calculators, use the link connector to transfer this program and assign
Exercise x.
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 What Fraction of the Numbers in Pascal’s Triangle are Even?

Activity 4 – Student Page

In the first 10 rows, I found

that 40% of the numbers

were even, so I think it’s

close to 4 tenths.

If two numbers are the same

parity, their sum is even. If

they are different parity, their

sum is odd. Therefore both

types of numbers are equally

likely, so About half are even.

All the 1’s along the

sides of pascal’s

triangle are odd, so

there can never be more

than about 9 tenths of

the numbers even.

Remember:
Each number in
Pascal’s triangle is the
sum of the two numbers
directly above it.

4 6

10

q Fill in the missing numbers in Pascal’s triangle.
Shade the hexagons containing even numbers.

Calculate the fraction of Pascal’s triangle that is
shaded. Express in lowest terms.

r  Describe any pattern you see in the locations
of the even and odd numbers.

s Which of the three opinions expressed
above do you believe would be closest

to the truth if we considered the first
256 rows of Pascal’s triangle? Give

reasons for your answer.
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1

1
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8
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11 55 165 330 462 462 330 165 55

45 120 210 252 210 120 45

36 84 126 126 84 36
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10 10

6
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Activity 4 – Student Page

4

Research Report Get the Pascal Parity Game template from your teacher.
Follow the instructions on your template. Use your

completed template to write a report that answers the question
What fraction of the numbers in Pascal’s triangle are even? Include these elements in
your report:

• the patterns you obtained when you shaded the even numbers
• the number of hexagons that were shaded
• the total number of hexagons
• the fraction of the area that was shaded
• how the fraction of even numbers changed as the number of rows increased
• your evaluations of the opinions expressed on the other page

Ch
all

en
ge

 What Fraction of the Numbers in Pascal’s Triangle are Even?

A pattern called Sierpinski’s gasket is created as follows:

The midpoint of the sides of an equilateral triangle are
joined to divide the original triangle into four smaller
congruent triangles. The shaded triangle is then removed.
a)  How many (white) congruent triangles remain?
b)  What fraction of the original triangle remains?

5 The procedure above is then repeated, dividing each of
the remaining triangles into four smaller triangles and
removing the shaded triangles.
a)  How many (white) congruent triangles remain?
b)  What fraction of the original triangle remains?

6 Again, the procedure above is repeated, and the shaded
triangles are removed.
a)  How many (white) congruent triangles remain?
b)  What fraction of the original triangle remains?

Suppose the procedure above were repeated one more time.
Write an expression for the fraction of the original triangle
that would remain. Write an expression for the fraction of
the original triangle that would remain if the procedure were
repeated n times.

If you have a graphing calculator, get program PASCAL from your teacher. Run PASCAL
to determine the percentage of even numbers in the first:

a)  16 rows b)  32 rows c)  64 rows
of Pascal's triangle.

7

8
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Grade 8

Answer Key for Activity 4

r We see from the diagram above that the even
numbers form a large equilateral triangle at the
centre of Pascal’s triangle together with 3 small
equilateral triangles near the corners of Pascal’s
triangle. Furthermore, every other cell along the
internal border (inside the 1’s) is an even number.

q  The first 16 rows of Pascal’s triangle are shown
below. The cells containing even numbers are
coloured.

There are 55 coloured cells out of 136 cells, so the
fraction of cells that are coloured is 55/136 ≈ 0.404.

s At this point, most students will agree with one of
the first two students on page 86, although the even
numbers will eventually dominate and approach
100% of all the numbers in Pascal’s triangle. There
are 26 335 even numbers out of 32 896 numbers in
the first 256 rows of Pascal's triangle (slightly more
than 80%), so the 9 tenths estimate is closest.

t a)  3 white triangles remain.
b)  3/4 of the original triangle (by area) remains.

u a)  9 white triangles remain.
b)  (3/4)2  or 9/16 of the original triangle remains.

v a)  27 white triangles remain.
b)  (3/4)3  or 27/64 of the original triangle remains.

w 81 white triangles would remain. Each triangle
would be 1/256 of the original triangle, so the
fraction of the original triangle that would remain
is (3/4)4  or 81/256. Each time the process is
repeated, the number of triangles remaining is
tripled but the areas of these triangles is one quarter
their previous size. Therefore their total area is 3/4
the area prior to the application of the procedure.
After n applications of the procedure, the area
remaining is (3/4)n times the area of the original
triangle. Clearly as n becomes arbitrarily large, the
unshaded area approaches 0. The shaded area
approaches the area of the original triangle.

The set defined by this process is known as the
Sierpinski gasket or Sierpinski triangle.

x Using program PASCAL, we obtain these results.

a) The number of even numbers in the first 16 rows
of Pascal’s triangle is 55. This checks with our
answer in Exercise q. This corresponds to about
40.4% of all the numbers.

b) Proceeding as in x a, we obtain 285 even
numbers in the first 32 rows of Pascal’s triangle.
This corresponds to almost 54% of all the numbers.

c)  Proceeding as in x a and b, we obtain 1351
even numbers in the first 64 rows of Pascal’s
triangle. This is about 65% of all the numbers.

Research Report

The pattern that should result from shading is shown
on page 93. There are a total of 285 shaded cells out of
528 cells, so 285/528 or 53.9% of the numbers in the
first 32 rows of Pascal’s triangle are even.

In general, the number of even numbers in Pascal’s

triangle, up to and including row 2n, is given by:

(2n – 1 – 1)•2n – 2 + (2n – 2 – 1)•2n – 3•3  + (2n – 3 – 1)•2n – 4•32

+ … + (22 – 1)•2•3n – 3 + 3n – 2

Substituting n = 5 and 6 yields 285 and 1351 even
numbers as indicated in x above. This formula can be
used to show that the proportion of even numbers in
the first 2n rows of Pascal’s triangle approaches 100%
as n increases.
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The scoring guide presented below is a “process-oriented” scoring guide to be used to assess problem solving
skills as the students work through Activity 4. By contrast, the scoring guides in the previous activities are
“product-oriented” and are intended for use in the assessment of completed student work. The reason for including
a process-oriented scoring guide in this unit is to remind you that assessment should include more than the
evaluation of a “written product”  and ought to include your informal observations of students as they work alone
or in groups. Informal conversations with students about the concepts involved in an activity can often elicit
greater insights into the student’s thinking processes than what is recorded on a page.

However, as we have noted in the preambles to our previous scoring guides, it is recommended that you regard
this merely as a starting point in the development of your own scoring guide that will evolve as you use it with
students.
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A “Process-Oriented” Scoring Guide



90

What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Problem Solving: Discover a Pattern And Generalize to Test a Conjecture

Sample 1

Sample 2

Sample 3

← This work shows that the student was able to obtain the correct
numerators, but the denominators are incorrect. A brief interview
would clarify whether the student was making a simple counting
error or whether the process was fundamentally flawed.

← The pattern identified by this student is that the numbers in the second
diagonal line increase by 1 as you travel downward.

← The student agrees with Kevin’s conjecture,
because Kevin has indicated that 1’s fall along
the outside lines of Pascal’s triangle. It would
be informative to question the student further.

↑The student has written n3 instead of (3/4)n. The student might be on the
right track.

← The completed template shows that the student
is able to add correctly and is usually able to
distinguish between even and odd numbers,
although he missed shading a few even numbers.

Samples of the Written Work
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What You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might SeeWhat You Might See

Problem Solving: Discover a Pattern And Generalize to Test a Conjecture

Samples of the Written Work
Sample 4

Sample 5

     This work shows that the student was able to obtain the
correct fractions for the first four stages of the
development of the Sierpinski gasket. The comment in
Exercise w indicates that the student was unfamiliar
with the algebraic notation for the general case. This
would be an excellent occasion to explain its meaning
and see whether the student could develop the expression
(3/4)n and then deduce its value as n gets large.

←

↑    This student was able to obtain the correct fractions for the first four
stages of the development of the Sierpinski gasket. Furthermore, the
student has discovered that the fraction remaining at each stage is 3/4
the fraction remaining in the previous stage. A brief interview would
reveal whether the student is able to make a conjecture about the
fraction of numbers that are even.

4

5

6

7
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TEMPLATE

The Pascal Parity Game

In Activity 4, you completed the first 16 rows of Pascal’s triangle and then shaded
those hexagons containing even numbers. In this activity, you will shade the
even numbers in the first 32 rows of Pascal’s triangle without any computation!

Each number in Pascal’s triangle is the sum of the two numbers immediately
above it. To determine whether the missing number in the diagram on the right
is even or odd, we could just add 7 + 21 to obtain 28. Alternatively, you could
observe that 7 and 21 are odd so their sum is even. We show this by writing O in
hexagons (cells) containing odd numbers and E in cells containing even numbers.

Write O (for odd) or E (for even) in each empty cell.

7 21

?

O O

E

O O E EE OO E

Instead of writing O or E in each cell, we can save
time by shading the cells containing even numbers
and leaving blank the cells containing odd numbers.
Shade or leave blank the bottom cell in each diagram
to indicate whether the number in it is odd or even.

Shade the cells that contain even numbers in
the first 32 rows of Pascal’s triangle. The first
nine rows have been completed for you.

I Just follow this simple rule:

If the two cells above a given

cell are the same color, then I

shade it; otherwise I leave it

blank.
An even and an odd integer are

said to have different parity.

However if both numbers are

even, or both are odd, they have

the same parity.  I am the expert

on all parroty matters!
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Teacher Note:

To run PASCAL input the
number of rows, N, and wait
for the pause cursor. Then
press the ENTER key to get
the number of even
numbers. Press ENTER
again to get the percentage
of even numbers.

The displays below show
the results obtained for
N = 16, 32, and 64. The
program PASCAL will
display an error message
when values of N larger
than 64 are input because
this is the number of rows
on the screen of the TI-83 .

The displays show that
"complete" pictures of the
"Sierpinski triangle" are
displayed when N is a
power of 2, that is, when
N = 2n for some value of n.

Answers to The Pascal Parity Game

We observe that the percentage of
even numbers in Pascal’s triangle
increases from 40% to 54% and to
65% as the number of rows increases
from 16 to 32 and to 64 respectively.
The table on the right shows that in
the first 128 rows of Pascal's triangle
[i.e., N = 2n for n = 7] there are 6069
even numbers [u(7) = 6069] out of
8256 numbers [v(7) = 8256], so the
percentage of even numbers is about
74%. The first 256 rows contain
26 335 even numbers out of 32 896
numbers, so the percent of even
numbers is about 80%.

The diagram shows the completed Pascal Parity Game.
There are 32 rows containing 528 cells. Of these, 285 cells
are shaded so the fraction of even numbers in the first 32
rows of Pascal's triangle is 285/528 or about 54%. On a
graphing calculator such as a TI-83, you can display more
than 32 rows by using program PASCAL shown here.

N = 32

Number of even numbers →

N = 16

Number of even numbers →

If we define w(n) to be the fraction
of even numbers in the first 2n rows
of Pascal’s triangle, then the graph of
w(n) vs. n in the display on the right shows that w(n) approaches 1 or 100%
as n increases. By tracing along the graph we see that in the first 222 rows of
Pascal’s triangle, the percentage of even numbers exceeds 99.6%.

N = 64

Number of even numbers →

This is for your

information only.

Fraction of Even
Numbers in the First
2n Rows of Pascal’s

Triangle.
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Record of Student Achievement on the Grade 7 Unit

TEMPLATE

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 27

From Scoring Guide for
Activity 2 p. 35

From Scoring Guide for
Activity 3 p. 43

From Scoring Guide for
Activity 4 p. 51

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

stpecnoC

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacinummoC

cipoT leveL

gnivloSmelborP

stpecnoC

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 27

From Scoring Guide for
Activity 2 p. 35

From Scoring Guide for
Activity 3 p. 43

From Scoring Guide for
Activity 4 p. 51

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

stpecnoC

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacinummoC

cipoT leveL

gnivloSmelborP

stpecnoC

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 27

From Scoring Guide for
Activity 2 p. 35

From Scoring Guide for
Activity 3 p. 43

From Scoring Guide for
Activity 4 p. 51

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

stpecnoC

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacinummoC

cipoT leveL

gnivloSmelborP

stpecnoC

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 27

From Scoring Guide for
Activity 2 p. 35

From Scoring Guide for
Activity 3 p. 43

From Scoring Guide for
Activity 4 p. 51

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

stpecnoC

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacinummoC

cipoT leveL

gnivloSmelborP

stpecnoC

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 27

From Scoring Guide for
Activity 2 p. 35

From Scoring Guide for
Activity 3 p. 43

From Scoring Guide for
Activity 4 p. 51

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

stpecnoC

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacinummoC

cipoT leveL

gnivloSmelborP

stpecnoC

noitacinummoC
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TEMPLATE

Record of Student Achievement on the Grade 8 Unit

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 65

From Scoring Guide for
Activity 2 p. 73

From Scoring Guide for
Activity 3 p. 81

From Scoring Guide for
Activity 4 p. 89

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacilppA

cipoT leveL

noitacilppA

noitacinummoC

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

noitacilppA

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 65

From Scoring Guide for
Activity 2 p. 73

From Scoring Guide for
Activity 3 p. 81

From Scoring Guide for
Activity 4 p. 89

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacilppA

cipoT leveL

noitacilppA

noitacinummoC

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

noitacilppA

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 65

From Scoring Guide for
Activity 2 p. 73

From Scoring Guide for
Activity 3 p. 81

From Scoring Guide for
Activity 4 p. 89

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacilppA

cipoT leveL

noitacilppA

noitacinummoC

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

noitacilppA

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 65

From Scoring Guide for
Activity 2 p. 73

From Scoring Guide for
Activity 3 p. 81

From Scoring Guide for
Activity 4 p. 89

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacilppA

cipoT leveL

noitacilppA

noitacinummoC

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

noitacilppA

noitacinummoC

→→→→→
→→→→→
→→→→→

From Scoring Guide for
Activity 1 p. 65

From Scoring Guide for
Activity 2 p. 73

From Scoring Guide for
Activity 3 p. 81

From Scoring Guide for
Activity 4 p. 89

Combining the Scores
from all Scoring Guides

Student Name _________________________________________________

cipoT leveL

gnivloSmelborP

cipoT leveL

noitacilppA

cipoT leveL

noitacilppA

noitacinummoC

cipoT leveL

gnivloSmelborP

cipoT leveL

gnivloSmelborP

noitacilppA

noitacinummoC
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